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Abstract

In this cortribution we implemert a simulation model basedon an Internal Risk
Model approad, aimed to assesshe default risk for Property & Casualty insurers
over ashort-term time horizon. The proposedframework includesa stochastic model
for the nancial market and dynamic portfolio strategies. Further, we analysesome
risk-basedcapital requiremerts by meansof risk measuressuc asVaR and the ruin
probability, focusing in particular on the impact of di®erent portfolio strategies,
time horizons and levels of con dence. The paper aimsto cortribute to the current
debate concerningthe developmert of a generalframework for solvency assessmemn
including the new EU capital requiremerts to be de ned in the Solvency Il phase.

Keywords: CIR process,geometrirownian motion, non life insurancesolvency
requiremerts, Risk-basedcapital.

1 The insurance framew ork

Let O, be the stochastic risk resene at the end of yeart and let us assumethat is given
by ) ¢ 3 .
| . .
O = 1+t Oy1+ Y%i Xii Et +Jiky1i TX¢i Dy (1)

where% is the volume of the grosspremiums, X7 is the amourt of the stochastic aggregate
claims, and E; denotesgeneraland acquisition expensesof the year. Theseexpensesare
calculatedasa (constart) percertage c of the grosspremiums,i.e. E; = c%, wherecis the
expensedoading coexcient. Moreover, in equation (1) we denotewith j; the stochastic
annual rate of return on the compary's nancial investmeris; the nancial model for the
de nition of j; is preseried in the next section. Further, although we do not consider
the claim reservingrun-o®,the stochastic risk resene includesthe return generatedfrom
investing the amourt of the lossresene asat the end of the previousyear, L¢; 1. Finally,
alsotaxes, T Xy, and dividends, D, (the latter are paid to stockholdersat the end of eath
year) are consideredin the model. It is worth noticing that for many generalinsurance
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lines (e.g. third-party liabilit y) the run-o®risk concerningthe dewelopmert of the initial
estimate of the claim resere is not negligibleat all and in practiceit is an additive source
of risk.
More in details, the lossresene in eat year is assumedto be a constart perceriage
+ of the grosspremiums, ¥4 i.e.
L = £ (2)

Howewer, the lossresene at the endof yeart dependsalsoon the amourt of claimsdeferred
from the previousyear, C¢, and paid in yeart, and the amourt of claims occurredin the
current year which are settled during yeart, Cf. Hence

3 .

Lt:LtiliCtd"' Xii Cf (3)

Sincethe nominal grosspremium volume increases\ery year by the claim in°ation rate,
i, and the real growth rate, g, which we assumeconstart over the given time horizon,
although they might di®erfor di®eren lines of businessthen

Yo= (Q+1)(Q+ 9) % 1 (4)

We obsene that in this framework, the nominal grosspremium is not a®ectedoy the level
of the premiain the market. Equations (2)-(4) imply that the total amourt of the claims
paid in yeart is
3 ,
th+th1 = L1+ Xt i Ly (5)
@+i@+ g

Consequetly, the annual net cash®aws (ignoring taxes and dividends) originated by the
insurancebusinessare

= Xii 4 1

3
Fi = Y%i c%i C/i+Cf
1 . . u . 1 ﬂ’ - .
% (Li O+t 1j (EDIET) i X

Finally, we obsene that the lossresene in our framework is deterministic: equations(3)
and (5) in fact imply that

(6)

1

RN e [

3
The amourt of the grosspremiums s given by the risk premium E X, , the safely
loading which is calculatedasa (constart) quota' of the risk premium, and the expense
loading, i.e.: 3 3
Y%=E Xy +'E X; +c%



Although the risk loading coetcient ' is kept constart over the whole time horizon, its
valueis calculatedon the basisof the standard deviation premium principle for the overall
insurance portfolio structure, in order to take accoun of both the explicit and implicit
risk loading of the insurancebusiness,i.e. the safely loading and the interests on claim
resenes. Hence,the risk loading coexcient ' satis esthe following relationship:
h 3 7 i ¢l r — ¢
(i tx) "E Xy +LoEjJ1 =b Var X; + L3var 1 ; (7)

wheretx denotesthe (constart) rate of taxation. In practice, the insurer may ask for a
total loadingamourt (net of taxation) equalto bfor ead unit of standard deviation of the
total risk of the overall insurer business.Note that we ignore the risk originated by the
investmen of the initial risk capital Uy. The bendimark value of b= 35%is considered
herefor the computation of the total risk amourt.
Regardingthe amourt of the aggregateclaims, we follow the collective approad and
usea compound process:
Wi
Xy = Ziy,
i=1
wherek; is the random variable represeting the number of claimsoccurredin yeart, and
Zi. is the random sizeof the i-th claim occurredin yeart. Following Savelli (2003) and
Rytgaard and Savelli (2004), we model the number of claims R; using a simple Poisson
processwith stochastic parametersn.g;, whereg is a random structure variable capturing
the impact of short-term °uctuations on K;, and n, = no (1+ g)'. We ignore, instead,
the e®ectsof trends and long-term cycles. Consequetly, the only restriction for the
probability distribution of e is that its expectedvalue hasto be equalto 1. In particular,
we assumethat e is Gamma distributed with parameters(h;h). Thus, the momerts of
the structure variable are given by:

E()=1 e = pl—ﬁ; skew(e) = pz—ﬁ = 298

It follows that the number of claimsis Negative Binomial distributed.
Finally, we assumethat the claim sizesZ;; arei.i.d. lognormal random variables; as
the distribution hasto be scaledby the in°ation rate in ead year, the momerts from the

origin are equalto: ,

E Z-ij;t = (1+i)'E Z_ij;o = (1+)'az0:

Further, Z;; and K; are mutually independert in eat yeart. The expected claim size
hasbeensimply denotedby m,. The distribution of the processX; for the parameterset
usedin this paper (and discussedn Table 2) is illustrated in Figure 1.

2 The model for the nancial mark et

Considera frictionless market with cortinuoustrading, no taxes, no transaction costs,no
restrictions on borrowing or short salesand perfectly divisible securities. Assumethat,
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Figure 1: Simulated distribution of X" at time t = 1 (100,000simulations). For this experiment
E(X) = 1323 (ml); ¥(X) = 19:80 (ml), whilst the variability coexcient is 15% (the parameters

are givenin Table 2).
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Figure 2: Sampleof 100 possibletra jectories of the stock index on monthly basis. Parameters:

1 =01, %= 0:2; Sg = 100.
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Figure 3: Sample of 100 possibletra jectories of the short rate correlated to the corresponding
trajectories of the stock shown in Figure 2. Parameters: - = 0:1, u= 0:04;v = 0:047;%= i 0:2;
ro= 0:045.

under the real probability measureP, the equity price processs descrilked by the following
stochastic di®erettial equation:

dS = 1S dt + ¥5dW,;

where (W, : t , 0) is a standard one-dimensionalP-Brownian motion, * 2 R is the ex-
pected rate of growth (or return) on the equity, and %2 R* is the stock volatility. A
number of possibletra jectories of the stock index are shavn in Figure 2.

Further, we model the term structure of interest rates using a CIR process,sothat it
satis esthe following stochastic di®erettial equation:

dro= - (ui r)dt+vPrdz,; @)

where p is the long-run mean interest rate level, - is the speed of mean-rewersion and
v 2 R* is the volatility parameter. Moreover, (Z; :t, 0) is a standard one-dimensional
P-Brownian motion correlatedwith W, sothat

th dZt = ]/Zdt,

5

for any %26 0. Hence D
Zt = 1/2W+ 1| %Xt,

where(X; : t, 0)is aP-Brownian motion independen of W;. The resulting ewolution of
the short rate is showvn in Figure 3. Under these assumptions,the price at time t of a

5



Evolution of the price of a 1 year zero-coupon bond Evolution of the price of a 10 year zero-coupon bond
0.99 T T T

0.941

0.84

P(t, t+10)
o o
by 2
= =]

o
o
3

0.64 =

0.59

0.54

0.91 . L L L L 049
0 05 1 15 2 25 3 0

time (years) time (.years)

Figure 4. Sampleof 100possibletra jectories on monthly basisof a 1 year zero-coupn bond and
a 10 yearszero-coumpn bond. Parameters: - = 0:1, u= 0:04;v = 0:047;%= i 0:2;, = i 0:005;
r{ = 0:0447;r19 = 0:0449.r1 and ry1g are the yield to maturity at time t = 0 for maturity in 1
year and 10 yearsrespectively.

zerocoupon bond with redemptiondate ¢, > t is (seeCox, Ingersolland Ross,1985,and
Hull and White, 1990):

P(t;¢) = A(t; ¢) e B 9)
with
B(tg) = 2ie°(<',i 0 1¢ .
y & - &o_'_ . +')(e°((.'it)i 1)+201
° = (- + ')2+ 2vZ;
" 20 e(°+'+'2)((;i t) #%
At ¢) ;

C+ ) (E@r ez

represems the \mark et risk" parameter; following Hull and White (1990), it can be
shawvn that the correspnding market price of interest rate risk (i.e. the Girsanos expo-
nert) is, (t;r) = "7 ry=v. In Figure 4, we showv the dynamic of a 1 year zero coupon
bond and a 10 year zero coupon bond correspnding to the trajectories of the short rate
presentied in Figure 3.
In this framework, the zeroyield is given by

B(te)rei INA(t¢).
it '

R(t;¢) =



3 The asset portfolio

Given an initial capital, co = Lo+ Uy, the insurancecompary investsthe available funds
in a portfolio, A, composedby ®% equity and (1 ®) % bonds of di®erert maturities.
The assetallocation is then kept constart over time.

As saidin the previoussection,the equity dynamicsis drivenby a geometricBrownian
motion; let us assumethat the stochastic di®eremnial equation of the bond price is

P(t¢)= a9 ()P (te)dt+ B ()P (L ¢) dZy;

whereal® (t;r) = ry+, (t;r) isthe expectedrate of return onthe bond maturing at time ¢..
From equation(9), it followsthat the di®usioncoexcient isbl®) (t;r) = | B (t; ¢) V' Tr. As
mertioned above, we assumethat (1 ®) % of the available fundsis usedto purchasegilts
of di®erert maturity. More in details, we make the assumptionthat the insurancecompary
invests ™~ (V% of the funds in zero-coumn bonds with time to maturity i = 1;2;3;5;10
years. The allocation is again kept constart over time. Let B; be the value at time t of
the investmernt in this bond portfolio; Itd's lemmaimplies that

X | ¢
dB, = (Li ®A, ~O'at)(tr)dt+ b (tr)dz,
i2N

L @A) (Gr)dt+ (1j ®AS (1) dZy;
whereN = f1;2;3;5;10g and

X :
§ (t:r) = OFD (tr)
i2N
Consequetly, the stochastic di®erenial equatlon of the assetportfolio A price processis
dA, = '@ + (1i ®at) (t) Atdt+ (®%+ (Li ®)YB (t;r)) AddW,  (10)
+(1i ® 1 A8 (t;r) AdXy:

Equation (10) descrikesthe ewlution over time of the assetportfolio net of the cash-
°ows generatedby the insurancebusinessasdiscussedn sectionl. In orderto take these

additional nancial resourcesinto accouri, we de ne P; to be the currert price of the
bond part of the portfolio, then the value of the portfolio A at timet > O is

A = ®Ayg1+ Fo 1]Sti+ (17 ® A1+ Fy 4] (11)

Pt,
Ao = Co
whereF is the net cash®av generatedby the insurancebusinessand de ned in sectionl,

equation (6). Sincethe value at yeart > 0 of the investmen in the bond portfolio, By, is
given by

X _ Pty 1+1)
1i ®[A, 1+ Fy —0 R :
( I )[ ti 1 tll]iZN P(t| 1t 1+|)

(1i ® Ay N = f1;23;5;10g;

B:

Bo
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the correspnding unit market price is

BtPt; 1

P = )
T @i ®AG 1t Fy 4l

This implies that equation (11) can be simpli ed to?

At = ®[Ati 1+ Fti 1] % + Bt, (12)

therefore, the annual rate of the return on the assetis

— _ Aci (At Fy),
It = :
(Ati1+ Fti 1)

4 The numerical experiment

In this section, we use the framework set up in sections1-3 to analyze the solvency
pro le of generalinsurerswith di®eren nancial portfolios. The Monte Carlo procedure
is basedon 100,000simulations; the dynamic of the stock and the short interest rate are
produced with monthly steps. The annual rate of return on the insurer's portfolio are
then considered.

More in details, we considerfour generalinsurerswith di®eren typesof assetalloca-
tion; the baseexampleis a generalinsurer that invests 15% of its nancial resourcesn
equity (Standard Insurer); we then considerinsurerswith a higher equity componert in
their investmert portfolio, speci cally, we set® = 30% (Insurer A); ® = 50% (Insurer B);
and ® = 100% (Insurer C). The bendimark set of parametersof the nancial market is
given in Table 1, whilst the parametersof the generalinsurers consideredare preserted
in Table 2.

The relevant index of pro tabilit y that we consideris the so-calledcapital ratio

for solvency purposes,instead, we usethe minimum risk-basedcapital ratio

ULt (0;t) |

rbg; - (0;t) = Y

(13)
which expresseghe minimum amourt of capital (perunit of initial premium paid) required
by regulatorsand legislatorsto ensurethat the compary is solvent in yeart with a certain
interval probability 1 ", which we chooseto be 99.0%and 99.9%. Note that we express
the risk-based capital as a perceriage of the total initial premiumsin order to make
sensiblecomparisonsbetween di®eren insurers. In equation (13), UR®4(0;t) represens
the minimum amourt of capital required at time t = 0 to ensurethat the maximum

LFurther details on the derivation of equations (11) and (12), are o®eredin the Appendix.
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| Portfolio inputs

T = 3years;” D = 40%; @ = 25%; G = 15%; ® = 10%; 10 = 10%

Parametersfor the equity dynamic

1 = 10%;%= 20%;S, = 100

Parametersfor the CIR model

- = 10%;u = 4:00%;v = 4:70%;%= | 0:2;,

= j 0:005;rp = 4:5%

Initial yield curv e

| R(0;1) = 4:47%;R(0; 2) = 4:38%;R(0; 3) = 4:39%;R(0;5) = 4:43%;R(0; 10) = 4:49% |

Table 1: Benchmark set of parameters for the stock index, the dynamic of the short rate of
interest and the bond portfolio. The initial yield curve correspnds to the UK market as at
31/12/2004 (source: Bank of England). For the market price of interest rate risk, , , we con-
sider the approximation provided by Stanton (1997). The remaining parametersare calibrated

accordingly.
Insurer

Parameters Standard | A B C
Time horizon (years) T=3

Initial solvency ratio Up= 0

Initial expected number of claims | ng= 20000

Variance structure variable q Var () = 0.02

Initial expected claim size moe= 6000

Variabilit y coexcient %: 7

Loss- Resenesratio += 120%

Expensesloading coexcient c= 25%

b coetcient b= 35%

Safely loading coezcient ' -1.42% -2.08% -2.59% -2.92%
Real growth rate g= 5%

Claim in°ation rate i = 5%

Taxation rate tx =0

Dividend rate dv=10

Asset allocation

Equity componert ® 15% 30% 50% 100%
Bond componert 1 ii @ 85% 70% 50% 0%
Expectedrate of return Ei'r¢ 4.89% 5.79% 6.99% 10.00%
Volatilit y of the rate of return Ya i 3.85% 6.49% 10.28% 20.00%

Table 2: Parameters of the generalinsurers. The (theoretical) expected rate of return on the
assetportfolio and its volatilit y are calculated using the governing stochastic di®ereriial equation

of the price processA.



Standard Insurer Insurer A
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Figure 5. Mean and quartiles of simulated U=%(con dence level: 0.1%,1%, 5%, 95%, 99%,
99.9%).

lossaccurrulated by time t > 0 can be o®setby the risk premiums, the risk loading and
the capital with probability 1 ". Sincein our analysisthe initial capital is set equal
to zero, this amourt correspnds to the CaR (Capital-at-Risk) of the insurer over the
period (0;t) with con dencelevel equalto 1 ", oncethe investmen returns over (0;t)
have beenconsidered.Hence

oy

£ it
URSI(0;t) = CaR(O;t), . 1+ E [ '
with
CaR(0;t),, . = i U (1);

and U- (t) is the "-th quartile of the risk resene U at time t. Equation (13) can be
expressedn terms of capital ratio o, sothat

rbg; - (0;t) = j up—ft) (14)
where ® 1+ E! j‘¢
-— U" t . — + -
0T P aegany

4.1 Analysis of the capital ratio and the risk based capital

In Figure 5 we present the quartiles of the capital ratio of the four insurers considered
for di®eren con dencelevels. From the comparisonbetweenthe four insurers,it emerges
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Standard Insurer (15% Equity 85% Bonds) Standard Insurer (15% Equity 85% Bonds)
(t=3)
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Figure 6: Simulated probability distribution of the capital ratio u; at time t = 1 and t = 3 for
the caseof the Standard Insurer and Insurer C.
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Simulated Distribution of X at ime t = 1 Simulated Distribution of X at time t = 3
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Figure 7: Simulated probability distribution of the processX at time t = 1andt = 3.

that increasingthe perceriage of the nancial resourcesnvestedin the equity componert,

increaseghe expectedvalue of t; moreover the upper perceriles (i.e. the 75%,99%and
99.9% perceriles) increase,whilst the lower perceriles (i.e. the 0.1%, 1% and 25%
perceriiles) decrease. Howewer, over the long run, the shape of the upper perceriles

suggestsa higher probability massin the upper tail of the distribution for Insurer C than

for the Standard Insurer. This fact can be better obsened in Figure 6, in which we showv

the simulated distributions and the rst four momerts of the capital ratio at time t = 1

andt = T = 3 for the Standard Insurer and Insurer C. We also note that a riskier asset
portfolio implies a higher volatility of the capital ratio. The cortribution over time to

the capital ratio from the claim processand the assetreturn processis shown in Figures
7-9. In particular, we note the changein the shape of the distribution of | for the di®eren

assetallocations: at time t = 1, in fact, the probability distribution of j for the caseof the

Standard Insurer is very peaked, with low volatilit y; moving from the Standard Insurer
to Insurers A, B and C we can obsene the increasedvariance, skewnessand kurtosis of
the distribution. This phenomenonis even more acceruated for the (cumulated) return

processj at time t = 3. Finally, we point out that in the caseof Insurer C, the process
j~is lognormal; the estimated momerts of the distribution asshaown in Figures 8-9 match

the exact momerts.

Given how a more aggressie assetallocation strategy a®ectsthe capital ratio, we
expect more demandingrisk basedcapital requiremens in correspndenceof a higher
equity componert in the investmen portfolio. This is in fact the case,as shown in
Table 3, which contains the capital requiremens for the four insurers, together with the
correspnding safely loading coe+cient and the total amourt of the premiumsthat they
have to pay at inception. In particular, we obsene that the safely loading coexcient '
decreasess ® increases,consequetly the level of the initial grosspremiums decreases
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x 10°  Standard Insurer (15% Equity 85% Bonds)
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Figure 8: Simulated probability distribution at time t = 1 of the rate of return on the asset

i

x 10 Insurer A (30% Equity 70% Bonds)
3 T T T T
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skew(j) = 0.5753
2l kurt(j) = 3.6179 4
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portfolio, j, for ead assetallocation consideredin this paper.
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Figure 9: Simulated probability distribution at time t = 3 of the (cumulated) rate of return on

i

Insurer A (30% Equity 70% Bonds)
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the assetportfolio, j, for ead assetallocation consideredin this paper.
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Standard Insurer Insurer A
(15% equities- 85%bonds) | (30% equities- 70% bonds)
rbg; - (0;t) "= 1:42% Yy = 15773 "= 2208% Yy = 15667
(equation(14)) | T=1|T=2 T=3 T=1|T=2 T=3
1j "=990% | 26.75| 34.71 40.14 28.93 | 37.27 42.89
1i "=999% | 40.13| 52.28 60.28 42.34 | 53.19 63.30
Insurer B Insurer C
(50% equities- 50% bonds) | (100% equities- 0% bonds)
rbg; - (0;t) "= j 22569%; Yy = 15586 "= 2292% Y = 15533
T=1|T=2 T=3 T=1|T=2 T=3
1i "=990% | 32.95| 42.17 48.24 46.69 | 57.00 62.41
1;i "=999% | 46.59| 60.39 69.24 62.43| 75.58 82.77

Table 3: The risk basedcapital for the four insurers consideredin this analysis. The table also
shows the safety loading coexcient and the corresponding initial premiums for ead insurer.

as well. On the other hand, the capital requiremerts for example at 99.0% con dence
level increasefrom 26.75%(Standard Insurer) to 46.69%(Insurer C) over the rst year,
readiing the 62.41%level over the 3 yearstime horizon, asshovn in Table 3. Therefore,
the raisein the capital requiremerns induced by a riskier assetallocation strategy implies
more nancial pressureon the shareholdersof the companies,as they have to provide
further capital injections.
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App endix: the dynamic of the asset portfolio

Assumethat the insurer enters time t with available nancial resourcesA;. This resources
arethen usedto settle the claimsof the yearand, at the sametime, they are alsoincreased
by the premiumsreceived. Hence,the total resourcesavailable for investmen purposes
are A; + F, whereF is the net cash®av generatedby the insurancebusinessincluding
claims, premiums and expensesas de ned in sectionl1. The insurer investsthis amourt
in the nancial market by acquiring a portfolio composedby ®% equity and (1 ®) %
bonds of di®eren maturity. Hence,the portfolio is given by

A+ Fo = x2S+ x¢ Py

wherex? and x{ are respectively the number of sharesin equity and bonds purchased.
In order to presene the assetallocation, we need

X¢
P
X; Pt

®(A+ Fy)
(L1i ® A+ Fy):

Therefore,the insurer enters time t + 1 with a portfolio's value

A1 = XtSSt+1 + X{D Pt+1
St+1
St

As described in section 3, the insurancecompary investsewery year (1 ®) % of its
resourcesn amix of zero-coumn bondswith di®eren maturities. Speci cally, the insurers
invests ~ (V% of the funds in zero-coun bonds with time to maturity i = 1;2;3;5;10
years,and the mix is kept constart over time. Therefore,similarly to the assetportfolio,
the bond shareis given by

Pra1
P

®[A¢ + F{] +(1i ®[A+ F]

Li A +F) = xPPt+ 1)+ xPPt+2)+ xPP(t;t+ 3)
+xPP (t;t + 5)+ xMOP (t;t + 10);

whereP (t; ¢) is the price at time t of a zero coupon bond with redemption date ¢, > t,

and x", i = 1;2;3;5; 10 years,are the units of zero-coupn bondswith time to maturity

i in the portfolio at time t. In orderto maintain the mix unchangedover time, we require
xWP (tt+i)= "W (1 ®)(A+ F); 8i= 1,235 10years.

Consequetly, the value at yeart + 1 of the investmert in the bond portfolio, By, is
given by

1, P+ Lt+2)

Bia = (1i A+ F] @

P(tt+1) P(t;t+ 2)
+—(3)P(t+ Lt+ 3)+_(5)P(t+ 1;t+ 5)+_(10)P(t+ It+ 10)’:
P(tt+ 3) P(tt+5) P (t;t + 10)
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Since
Bt = XF Pis1;

then the unit price of the bond portfolio is

_ B Py

— =B :
xP @i ® A+ Fy)
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