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Abstract

According to the regulation of reinsurance companies in Luxemburg, any such
company must, for all its activities, constitute a provision for fluctuation of
claims. The multiple of a risk or portfolio of risks is equa to the half-number
above the sextuple of the standard deviation of the ratio of claims burden to
premiums received and should not exceed 17.5. A general method for the
calculation of multiples for excess-of-loss (XL) and stop-loss (SL) reinsurance
for individual contracts and portfolios of independent contractsis presented. It is
remarkable that the multiple of an excess-of-loss layer can be approximated
using a ssimple proposa by Benktander(1975) to evaluate the standard deviation
of alimited XL layer. For a wide range of parameter values, the approximate
multiple differs from its theoretical value by a negligible quantity of +0.5.
Distribution-free results and a multivariate generalization are also presented.
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1. Introduction.

According to the "Grand Ducal Regulation” dated 31 December 2001, which specifies the
terms of approval and operation of reinsurance companies with domicile in Luxemburg, any
such company must, for all its activities, constitute a provision for fluctuation of claims. The
so-called multiple for equalization reserves determines this provision as a multiple of the
average of premiums received during the past five years. Roughly speaking the multiple of a
risk or portfolio of risks is equal to the half-number above the sextuple of the standard
deviation of the ratio of claims burden to premiums received. The multiple should belong to
the interval [2.5,17.5] and the minimum amount should not be less than 30% of the required

multiple. In the present study, the theoretical multiple is defined by the formula
: 1 . S
multlple:§>ce|l 12><B , (1.1

with s the standard deviation of the claims, P the amount of required theoretical premium,
and cell(x) the smallest integer greater or equal to X.

Our purpose is the development of a general method for the calculation of multiples for
excess-of-loss (XL) and stop-loss (SL) reinsurance for individual contracts and portfolios of
independent contracts. The actuarial evaluation of XL reinsurance risks is based on the
compound Poisson Pareto model, introduced in Section 2, and that of SL reinsurance risks
uses the gamma approximation to the compound Poisson gamma model presented in Section
4. To obtain the multiple of an individual XL layer, which is done in Section 3, one needs
formulas for the mean E and standard deviation s of an arbitrary XL layer. Based on these
guantities, the required theoretical premium is set equal to the standard deviation premium
P=n+3gs ,where g isaloading factor, which has to be determined. The multiple itself

follows from formula (1.1). An analysis of the theoretical maximum multiple of 17.5 for

limiting cases shows that this value is attained provided g =2%. It is remarkable that the

multiple of a XL layer can be approximated using a ssmple proposal by Benktander(1975) to
evaluate the standard deviation of alimited XL layer. In awide range of parameter values, the
approximate multiple differs from its theoretical value by a negligible quantity of +0.5. The
multiple of an individual SL layer is obtained for the gamma model in Section 5. An analysis
of limiting cases leads to the same value g =2 for the loading factor of the standard
deviation SL premium principle. Distribution-free methods are presented in Section 6. They
are especially useful in situations where there are not enough statistics to assess in a reliable
way the distribution of arisk. A multivariate generalization of these results for portfolios of
independent XL and SL contractsis presented in Section 7.

2. The collective model of risk theory for XL reinsurance.

In the framework of the classical collective model of risk theory, the aggregate claims of a
portfolio of insurance risks are described by the random variable

s= X, (2.1)



where the claim sizes X, are independent and identically distributed and independent from

the random claim number N.
An excess-of-loss or XL-reinsurance treaty with deductible d on a portfolio of risks

covers for each clam X, the excess claim size (Xi - d)+, i =1,...,N. In this setting, the
retained aggregate claims of the cedant are described by the random variable

5= min(X,,d), 2.2)

: i=1
and the reinsured aggregate claims are given by

= (% -d), . (2.3)

i=1

Since the independence assumptions are preserved under the transformations of the clam
sizes, both (2.2) and (2.3) are again collective models. However, a reinsurer does not know
the number and the size of the original claims below the deductible d. Therefore, the
collective model (2.3) is not appropriate to forecast the loss of the reinsurer. Fortunately, it is
possible to construct a collective model for the reinsurer on the basis of the collective model
for the origina claims such that the model contains only random variables which are
observable for the reinsurer. This collective model for the reinsurer is presented in Hess(2003)
and the related literature in Hess et al.(1995), Franke and Macht(1995), Mack(1997) and
Schmidt(1996/2002).

Suppose that the reinsurer relies on the claims data provided by the insurers, where only
the claims above a limit OP, called observation point, are reported. This means that only
forecasts for XL-reinsurance with a deductible d=3 OP can be made. Denote by X a
random variable distributed as X, forall i=1,..,N.Itisassumedtha P(X >OP)>0,
that is the probability that a claim exceeds OP is strictly positive. The aggregate claims of
the reinsurer, which contains all claims exceeding OP, is described by the collective model of
risk theory

S® = X%, (2.4)

N*®= B, (2.5)

where the B 's are independent and identically distributed Bernoulli random variables,

which are independent from N, such that P(Bi = 1) =P(X >O0P). The claim sizes X%
are independent and identically distributed, and independent from N, and each is distributed
like X with distribution P(X £x)=P(X £ XX >0P), x>OP. This is the basic
collective model of risk theory used in XL-reinsurance.



3. Multiplefor XL equalization r eserves.

We assume that the aggregate claims of a portfolio of insurance risks are described by the
random variable

S= X, (3.1)

i=1

where the claim sizes X, are independent and identically distributed and independent from
the random claim number N, . The variable N, counts the number of claims above a

fixed observation point OP and is assumed to be Poisson distributed. Denote by X arandom
variable distributed as  X,. In XL reinsurance, it is often appropriate to suppose that X

follows a Pareto with index a >1, whose survival function is given by

-a

F(x) = o_):a , x>OP. (3.2)

Traditionally, this model has been very successful and a first choice in the practice of
reinsurance (see e.g. Schmitter(1978), Schmitter and Bitikofer(1997), Doerr(1980), Schmutz
and Doerr(1998)). It is especialy useful for pricing high deductibles or/and large claims.

An excess-of-loss (XL) reinsurance program C xs D covers the amount of each clam

that exceeds the deductible D up to the maximum cover of C.Let L=C+ D denotesthe
upper limit of the XL contract, and set in the following c=1+ % Then the random amount

of claims covered by the XL treaty is

S(.c)={(X, - D), - (X, - D),}. 33)

i=1

Foreach x>OP let N, = E[NOP|NOP > x] be the expected number of claims in excess of
X.For L>D >OP one hastherelationship

N, = E[Nop]xlf(l—) =Ny x?. (34)
The expected value of thelayer C xs D depends on the parameters a, D, ¢ andisgiven by

S'T'Eix(l- cld) a>1. (35)

E(a,D,c)=E[S(D,c)] =
The variance of the layer is evaluated using the formula

Var[S(D,c)| = ZXCDE(a, X, ¥ )dx- 2¥c- 1)D xE(a,cD,¥). (3.6)

D

The result for the standard deviation is summarized as follows:



Casel: at 2

s(a,D,c)=Var[S(D,c)] = DyN;

a-1

x -(a-2) _ -(a-1)
Jza 5 - (@a- D@D +(a- 2@} @)

Cae2: a=2

s(a,D,c)=Var[S(D,c]] = DN, x/2In(c)- (L- ¢ (39)

In the present study, the required theoretical premium is calculated using the standard
deviation principle according to the formula

P(a,q,D,c):E(a,D,c)+%qxs(a,D,c), (3.9)

with g aloading factor, which has to be determined. With definition (1.1) the theoretical
multiple of aXL layer C xsD isdetermined by the function

24

1.
M(a,qg,D,c) == xcell £ D) (3.10)
g+2x——"—"1=
s(a,D,c)
Using the formulas (3.5), (3.7)-(3.8), one abtains the result:
Casel a2
M(a,q,D,c):%meil 241 e (3.11)
g +2N, % :
" e @- 0cF 7+ (@- 2]
Case?2: a=2
M(2,g,D,c) = 1 el 24 (3.12)

V2N, %
7 1/In(c) il c j

These formulas show that the multiple does not depend directly on the deductible, but on
the expected number of claims above the deductible. One notes that the calculation of the
multiple in the special case a =3 isextremely simple and is given by the handy formula

24

g+{L+c 3N,

M (3,4,D,c) :%xceil (3.13)



In fact, this corresponds to the approximation proposed by Benktander(1975) to calculate the
standard deviation of a limited XL layer, and can thus be viewed as a similarly simple
approximation to the multiple of a XL layer. The numerical impact of this approximation is
analyzed at the end of this Section.

Ontheother side, if a >2 the multiple of an unlimited XL layer is given by

24

gty 2(%)'“0 '

In the limiting caseas @ ® 2 or N, ® 0, the limiting multiple will be ceil(2). This
coincides with the theoreticad maximum multiple of 17.5 for the loading factor
g, =2 =0.686. If the actual XL premium of a reinsurance company exceeds P(a,g,,D,c),
then the multiple will be less than 17.5. If it isless than this, then the limiting multiple should
be larger than 17.5, which is not alowed by regulation. In this situation, the XL premium
should be increased to its theoretical minimum amount P(a,q,, D,c). For this reason, it is
appealing to call (3.9) with the parameter-free choice g =g, the Luxemburg XL premium
principle.

The Tables 3.1 and 3.2 below provide lists of the theoretical Luxemburg XL premiums per
unit of the layer deductible as well as corresponding values of the multiple for XL reinsurance
in Luxemburg. The required data includes the Pareto index, the expected number of claims
above the deductible and the ratio of the upper limit to the deductible. It is remarkable that the
Benktander approximation (3.13) to the multiple differs in the wide range of parameter values
al [155], N, 1 [0.001,20] and ci [210] by anegligible quantity of +0.5.

M(a >2,q,D,¥):%>ceil (3.14)



Table3.1: Luxemburg XL premiums per unit of deductible

MINIMUM XL REINSURANCE PREMIUM PER UNIT DEDUCTIBLE IN LUXEMBURG

exp. nber
alpha of claims
1.5 0.001
1.5 0.01
1.5 0.1
1.5 1
1.5 2
1.5 5
1.5 10
1.5 20
2 0.001
2 0.01
2 0.1
2 1
2 2
2 5
2 10
2 20
25 0.001
25 0.01
25 0.1
25 1
25 2
25 5
25 10
25 20
3 0.001
3 0.01
3 0.1
3 1
3 2
3 5
3 10
3 20
315 0.001
315 0.01
315 0.1
315 1
315 2
315 5
315 10
315) 20
4 0.001
4 0.01
4 0.1
4 1
4 2
4 5]
4 10
4 20
45 0.001
45 0.01
45 0.1
45 1
45 2
45 5
45 10
45 20
5 0.001

5 001
5 0.1
5 1

5 2

5 5

5 10

5 20

2

0.81%
2.97%
13.41%
82.46%
150.93%
346.30%
661.31%
1278.39%
0.72%
2.63%
11.74%
71.31%
130.14%
297 65%
567.39%
1095.30%
0.65%
2.34%
10.34%
62.17%
113.17%
258.14%
491.30%
947 .25%
0.58%
2.08%
9.17%
54 649%
99.24%
225.83%
429.21%
826.67%
0.52%
1.88%
8.18%
48.39%
87.72%
199.22%
378.18%
727.72%
0.47%
1.68%
7.34%
43.16%
78.13%
177.13%
335.93%
645 93%
0.43%
1.53%
6.63%
38.77%
70.08%
158.67%
300.69%
577.81%
0.38%
1.38%
6.01%
35.04%
63.29%
143 14%
271.08%
520.65%

3

1.28%
4.66%
2051%
12267%
223.00%
507.94%
965.92%
1861.18%
1.07%
3.85%
16.74%
98.53%
178.40%
404 58%
T67.44%
1475 85%
0.90%
3.22%
13.88%
80.70%
145 68%
329.25%
623 31%
1196 87%
0.77%
2.73%
11.67%
67.30%
121.21%
273.33%
516.73%
991.11%
0.66%
2.34%
9.95%
57.07%
102.64%
231.08%
436.44%
836.50%
0.57%
2.02%
8.60%
48.14%
88.20%
198.58%
374.86%
T1817%
0.50%
1.77%
7.52%
42.88%
T7.03%
173.17%
326.80%
625 95%
0.44%
1.57%
6.64%
37.89%
68.05%
152.97%
2838.64%
552.84%

ratio of upper limit to deductible

4

1.63%
5.85%
25.33%
148.48%
268.57%
608.42%
1153.33%
2216.84%
1.30%
4.62%
19.73%
113.68%
204.70%
461.48%
872.31%
1672.87%
1.05%
3.71%
15.73%
89 63%
160.93%
361.65%
682.31%
1306 649
0.86%
3.04%
12.82%
72.59%
130.12%
291.87%
550.07%
1052.50%
0.72%
2.53%
10.66%
60.21%
107.84%
241.73%
455.35%
870.96%
0.61%
2.15%
9.03%
51.00%
91.34%
204.72%
385.62%
T37.57%
0.52%
1.85%
7.78%
43.99%
78.81%
176.71%
332.93%
636 90%
0.46%
1.61%
6.80%
38.54%
69.09%
155.01%
262 15%
559.03%

5

1.90%
6.77%
28.98%
167 24%
301.27%
679.53%
1284.82%
2464.63%
1.46%
5.16%
21.78%
123.62%
221.69%
497 54%
937 85%
1795.08%
1.14%
4.03%
16.90%
94 .94%
169.82%
380.07%
715.30%
1367 .18%
0.92%
3.22%
13.47%
75.43%
134 79%
301.33%
566.74%
1082.66%
0.75%
2.64%
11.02%
61.72%
110.30%
246.60%
463.81%
886.05%
0.63%
2.20%
9.23%
51.80%
92.63%
207.23%
389.82%
T45.13%
0.53%
1.88%
7.89%
44 42%
79.48%
178.00%
335.12%
640.70%
0.46%
1.63%
6.86%
38.77%
69.44%
155 67%
293 26%
560.84%

10
277%
8.71%
40.04%
220.13%
391.42%
870.21%
1631.21%
3107.97%
1.91%
5.64%
27.16%
147 42%
261.21%
578.40%
1081.58%
2056.81%
1.37%
4.77%
19.48%
105 76%
187 38%
414 .92%
775.87%
1475.42%
1.03%
3.58%
14.71%
80.36%
142 64%
316.50%
592.58%
1128.00%
0.80%
281%
11.61%
53.96%
113.82%
253.24%
474.92%
805.21%
0.65%
2.28%
9.50%
52.82%
84.20%
210.14%
394 .71%
753.28%
0.54%
1.92%
8.01%
44 87%
80.19%
179.28%
337.19%
644 18%
0.47%
1.65%
6.92%
38.97%
69.75%
156.23%
294 16%
562.43%

20

3.72%
12.81%
51.13%
267.86%
468.78%
1028.14%
1908.81%
3609.07%
2.29%
7.89%
31.43%
164 .35%
288.08%
630.07%
1169.31%
2210.15%
1.52%
5.24%
21.09%
TM1.76%
196 66%
432.10%
804 .15%
1523 .40%
1.08%
3.76%
15.29%
82.45%
145.81%
322.21%
601.75%
1143.16%
0.82%
2.87%
11.81%
54.67%
114 .88%
255 1%
477.88%
910.00%
0.66%
231%
9.57%
53.05%
84 .55%
210.75%
395.66%
754.79%
0.55%
1.92%
8.04%

44 .95%
80.30%
179.47%
337.49%
644 65%
0.47%
1.65%
6.93%
35.99%
69.79%
156.29%
294 25%
562.58%

100
5.35%
21.32%
79.71%
375.16%
635.99%
1336.38%
2417 14%
4472.77%
3.01%
10.21%
39.05%
191.19%
328.38%
701.15%
1281.54%
2392.29%
1.70%
5.83%
22.99%
118.23%
208.22%
448 46%
§29.28%
1562.91%
1.12%
3.89%
15.73%
83.94%
147 .99%
325.87%
607.29%
1151.70%
0.83%
2.80%
11.91%
55.01%
115.37%
255.92%
478.08%
811.83%
0.66%
231%
9.59%
53.13%
94 .66%
210.92%
395.92%
755.18%
0.55%
1.92%
8.04%

44 96%
80.32%
179.51%
337.55%
644 .73%
0.47%
1.65%
6.93%
39.00%
69.79%
156.30%
294 26%
562.60%

1000
12.00%
39.28%
137 45%
567.09%
815.43%
1803.35%
3117.59%
5543.46%
3.83%
12.79%
47.26%
217.76%
366.48%
763.05%
1371.71%
2525 10%
1.79%
6.13%
23.95%
121.31%
210.61%
455 51%
838.45%
1577 67%
1.13%
3.93%
15.83%
84.25%
148 44%
326.59%
608.31%
1153.18%
0.83%
2.80%
11.92%
55.04%
115.41%
255.99%
478.18%
811.97%
0.66%
231%
9.59%
53.13%
94 .66%
210.93%
395.93%
755.19%
0.55%
1.92%
8.04%

44 96%
80.32%
179.51%
337.55%
644 .73%
0.47%
1.65%
6.93%
39.00%
69.79%
156.30%
294 26%
562.60%



Table 3.2: multiple for XL reinsurance in Luxemburg

expected nber

alpha of claims
1.5 0.001
1.5 0.01
1.5 0.1
1.5 1

1.5 2

1.5 5

1.5 10
1.5 20

2 0.001
2 0.01
2 0.1

2 1

2 2

2 5]

2 10

2 20
25 0.001
25 0.01
25 0.1
25 1

25 2

25 5

25 10
25 20

3 0.001
3 0.01
3 0.1

3 1

3 2

3 5]

3 10

3 20
315 0.001
315 0.01
315 0.1
315 1

315 2
315 5
315 10
315) 20

4 0.001
4 0.01
4 0.1

4 1

4 2

4 5]

4 10

4 20
4.5 0.001
4.5 0.01
4.5 0.1
4.5 1

4.5 2
4.5 5
4.5 10
4.5 20

5 0.001

MAXIMUM MULTIPLE OF XL REINSURANCE IN LUXEMBURG

ratio of upper limit to deductible

2 3 4 5 10 20 100
16.5 16.5 16.5 16.5 17 7 175
4.5 4.5 1% 1% 155 15.5 165
10 105 11 11 12 125 14
55 55 6 6 7 75 9.5
4 4.5 4.5 5 55 6 8
3 3 35 35 4 4.5 6
2 25 25 25 3 35 45
1.5 2 2 2 25 25 3.5
16.5 16.5 16.5 7 17 7 17
14.5 14.5 1% 1% 155 15.5 16
105 11 11 1.5 12 125 135
55 6 6 6.5 7 7.5 85
4.5 4.5 5 5 55 6 7
3 35 35 35 4 4.5 55
25 25 25 3 3 35 4
2 2 2 2 25 25 35
16.5 16.5 7 7 17 7 17
4.5 1% 1% 1% 155 15.5 16
105 11 1.5 1.5 12 125 125
55 6 6.5 6.5 7 75 8
4.5 5 5 5 55 6 6.5
3 35 35 4 4 4.5 5
25 25 3 3 3 35 35
2 2 2 2 25 25 3
16.5 16.5 7 7 17 7 17
14.5 1% 1% 1% 155 15.5 155
105 11 1.5 1.5 12 12 12
55 6 6.5 6.5 7 7 7.5
4.5 5 5 55 55 6 6
3 35 35 4 4 4 45
25 25 3 3 3 3 35
2 2 2 2 25 25 25
16.5 7 7 7 17 7 17
4.5 1% 1% 1% 155 15.5 155
105 11 1.5 1.5 15 12 12
6 6.5 6.5 6.5 7 7 7
4.5 5 5 55 55 55 55
35 35 35 4 4 4 4
25 25 3 3 3 3 3
2 2 2 2 25 25 25
16.5 7 7 7 17 7 17
14.5 1% 1% 1% 15 1% 15
11 11 1.5 1.5 15 1.5 15
6 6.5 6.5 6.5 6.5 7 7
4.5 5 5 55 55 55 55
35 35 35 4 4 4 4
25 3 3 3 3 3 3
2 2 2 2 25 25 25
16.5 7 7 7 17 7 17
1% 1% 1% 1% 15 1% 15
11 11 1.5 1.5 15 1.5 15
6 6.5 6.5 6.5 6.5 6.5 6.5
4.5 5 5 5 55 55 55
35 35 35 4 4 4 4
25 3 3 3 3 3 3
2 2 2 2 2 2 2
16.5 7 7 7 17 7 17
1% 1% 1% 1% 15 1% 15
11 11 1.5 1.5 15 1.5 15
6 6.5 6.5 6.5 6.5 6.5 6.5
5 5 5 5 5 5 5
35 35 35 35 35 4 4
25 3 3 3 3 3 3
2 2 2 2 2 2 2



4. The gamma model for SL reinsurance.

Suppose the aggregate claims random variable of an insurance risk portfolio can be
represented by a compound Poisson random variable

S= Y, (4.1)

where N is Poisson(/ ) distributed, the Y,'s are independent and identically distributed

non-negative random variables, which are stochastically independent from N . Denote the
identical random variables by Y =Y, i=1..,N. From a practical viewpoint, it has been

stated for a long time that a gamma approximation of the claim size is appropriate for
modeling the insurance risk process in life insurance (e.g. OECD(1971), Strickler(1982),
Drude(1988), p.183, Hurlimann(1988)). Theoretically, this claim size model arises as unique
solution of a characterization problem for scale compound parametric families of distributions
with the mean as scale parameter (Proposition 3.2 in Hurlimann(1998)). Let us follow this
approach. A gamma claim size has density

bxa e—bx
f,(x)=9(xa,b)= (G(;) 1 x>0, (4.2)
with the parameters
_ _4a _ i| . _
a= : =—, =E|Y'}, i=12. (4.3
m, - m; m !

The distribution function of the claim size is given by the incomplete gamma function

bx
) x t7le'dt. (4.9

0

_ ay= L
F (x) =Qbxa) = Ga

Using Laplace transforms one sees that the j-th convolution of the claim size density equals
i) =g(xja,b), j=12... (4.5)

It follows that the aggregate claims distribution function has the representation

¥ j
Fo(x;/,a,b)=¢"' + e"/_—lxe(bx;ja). (4.6)
j!

j=1

The following result justifies the use of the gamma approximation to the aggregate claims
distribution for sufficiently large portfolios.

Theorem 5.1. Under the above assumptions, the compound Poisson gamma distribution of
the aggregate claims converges to a gamma distribution as the expected number of claims
tend to infinity. More precisely, with the parameter function of one variable
a(/):(kz- /'1)'1 such that a=a(/)=/"xa(/), b=>b()=m">a(/), the limiting
distribution is given by
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limFg(x;/,a(/), b(/)) = Qbx;a), a:iz, b= 21 : 4.7
1®¥ k kK m

Proof. A simple calculation shows the validity of the limit

a(l) - b(/)x
lim/f,(ca(/), b(/)) = lim aANDLU)" e BT 8 m
X

¥  Ga(/)+1) X (48)

Using Dufresne et al.(1991), Section 2, this asymptotic result identifies limFg(x) with a

/®¥
gamma process, whose distribution function equals C(bx; a) .

Analytical calculations for SL reinsurance with the distribution representation (4.6) are
possible. However, for the sake of simplicity, we restrict our attention to the limiting Gamma
distribution in (4.7). In practice, most SL reinsured portfolios have usually alarge number of
expected clams, and in this situation the application of the limiting Gamma distribution is
anyway justified.

5. Multiplefor SL egualization reserves.

Following Section 4, it is assumed that the aggregate claims random variable S of an
insurance risk portfolio with mean 77 and coefficient of variation kg isgamma distributed.
Then, for calculations, it suffices to consider the survival function of the mean scaled
aggregate claims random variable X = m* xS, which is given by

F, (x)=Glax;a) =1- Gax;a). (5.1)
Using the auxiliary function

f(xa)= G’((;e;rxl) , (5.2)
one has the recursive relationship

Glax,a +1)=Glax;a)+ f(axa). (5.3)

In the specia case of an integer a, the random variable X has an Erlang survival
distribution with finite series representation

|EX (X) = é(ax; a) — ‘:;l(ax)kk—!)e-ax . (5_4)

This expression can be reinterpreted as cumulative Poisson probability G(a - Lax) with
mean parameter ax taken at the integer vaue a-1, and f(axa) is just the
corresponding Poisson probability g(a;ax) with the same parameter taken at the value a .
In this setting, the recursion (5.3) isthe trivial relation G(a;ax)=G(a - 1;ax)+ g(a;ax).
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In general, the expressions for the first and second order partial moments, which are
required to calculate the mean and variance of a SL layer, are given by

m(a,x) = E[(X - x),]=Glax;a +1)- xGlax;a) = f(axa)- (x- )Gax;a). (5.5)

m2(a, ) E[ (X - x) ] (z2)Glax;a +2)- 2xGlax;a +1)+ x*Glax;a)

- 1 G{axa +1)- (x- Jmla

The last expression is obtained applying twice the recursive relation (5.3) and the identity

(5.6)

flax,a+1)= aa—i(l f(ax;a) asfollows:

m2(a,x) = (£2)f (ax;a +1) + (22 - 2x)f (ax;a) + (22 - 2x+ x*|Glax;a)

:(x+1+a 2x)f (ax;a) + ( (1- x) k;(axa
=1{f(ax;a)+Gaxa)- (x- )f(ax.a)+(x- 1°Clax a)

:ge(ax,a +1)- (x- )m(a, x).

Consider a SL layer C xsD with priority D and upper limit L=C+ D. The mean and
variance of the SL reinsurance liability X(D,c)=(X- D), - (X - cD), is obtained

immediately. Setting ¢ = 1+% one has

E(a,D,c)=E[X(D,c)]=m(a,D)- m(a,cD), (5.7)
s%(a,D,c)=Var[X(D,c)]=m2(a,D)- m2(a,cD)- 2(c- 1)Dxm(a,cD)- E(a,D,c)
:é{é(aD;a +1)- GlacD;a +1)}- (D - 1fm(a,D)- m(a,cD)}- (c- 1)Dxm(a,cD)  (5.8)
- E(a,D,c).

The theoretical multiple of the SL layer is again determined by the function (3.10). The
special case of an unlimited SL layer ¥ xs1, which corresponds in the original scale to the

special SL cover ¥ xs ng, simplifies as follows:

E(a1¥)=f(a,a), sz(a,l¥)=%6(a;a +1)- f(a,a). (5.9)

In this case, the gamma model of SL reinsurance provides a very good approximation, a fact
first observed by Benktander(1977) (see a'so Hurlimann(1995), Section 4).
Using again the standard deviation principle, actuarial premiums for SL layers are given

by

P(a,g,D,c)= E(a,D,c)+%qxs(a,D,c), (5.10)
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with g aloading factor, which has to be determined. The multiple of the special SL cover
¥ xs ng isgiven by the very smple formula

24

127 % fla,a)
7 JGla,a +1)- axf(a,af

If a isaninteger, one has even the explicit formulas (interpretation as Poisson distribution)

M(a,q,],¥)=1>cei|

(5.11)

flaia)=""—=glaa)
o okea (5.12)
Gla;a +1)= akel Gla,a)

It is also very instructive to look at the multiple of a SL layer for the exponential distribution
withmean a =1. In thissituation one has

m(L x)=xe* - (x- )e* =e*,
m2(L, x) = e * + xe ¥ - (x- 1)e’* = 2¢,
from which one gets
( c)=e

D,c) 2>{e (c- )De®}- (e - e@Y.

(5.13)

(5.14)

Observing that the expected number of claims above D equals N, =¢e °, the multiple can
be rewritten as

M(Lg,D,c) = < xceil 241_ T (5.15)
g+.2N, %
"1 [+ (c- YDl - iN f1- e o)
For an unlimited SL layer thisyields
1 . 24
M ,D,¥)== | ——— . 5.16
(Lg,D,¥) e N (5.16)
g+
1- 1N,

In the limiting case as N, ® 0, thatis D ® ¥, the limiting multiple will be %ceil (2).
Arguing as in Section 3, the loading factor of the SL premium principle (5.10) must be equal
to g,=%=0.686 in order to get the theoretical maximum multiple of 17.5, which is
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allowed by the Luxemburg regulation for reinsurance companies. This is the same value as
the one obtained for the XL premium principle. The premium principle (5.10) with the
parameter-free choice g =g, will be called the Luxemburg SL premium principle.

Finally, let us have a further detailed look at the important special SL cover ¥ xs1 for
the limiting cases a® 0 and a ® ¥ . Since Iiggf(a,a):l and Ii(ggé(a,a +1)=1,itis
clear that

Ii@ETgM(a,qO,L¥)=17.5 (5.17)

On the other side let a =n be an integer such that n® ¥ . Applying the central limit
theorem to the cumulative Poisson probability in (5.12) one obtains

= L _ 1

lim Gn,n+1)= L!@rQG(n,n) =F(0) =5 (5.18)
On the other side, using Stirling's asymptotic approximation for n! one has

. I

L!@nQ\/HXf (n,n)—!]!@ng 3 (5.19)
Taken together it follows that

Ii®rQM(n,qo,L¥):%>«:eil Lz = 6. (5.20)

+
o3 /—,0 1

In fact, a numerical evaluation of the formula (5.11) shows that M(a,q,1¥)=6 for
a ® 100, or equivalently k, £0.1,and M(a,q,,1¥)=17.5 for a £10“, or kg3 100. For
moderate valuesof al [0.2,4],or k.1 [0.55], onehas M (a,g,L¥)i [7,9.5].

The Tables 5.1 and 5.2 below provide lists of the theoretical Luxemburg SL premiums per
unit of expected aggregate claims as well as corresponding values of the multiple for SL
reinsurance in Luxemburg. The required data includes the coefficient of variation of the
aggregate claims, the priority and the ratio of the upper limit to the priority.
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Table5.1: Luxemburg SL premiums per unit of expected aggregate claims

MINIMUM SL REINSURANCE PREMIUM PER UNIT EXPECTED AGGREGATE CLAIMS IN LUXEMBURG

coeff. of ratio of upper limit to priority
variation priority 2 3 4 5 10 20 100 500
0.5 1 31.14% 31.35% 31.37% 31.37% 31.37% 31.37% 31.37% 31.37%
0.5 15 12.50% 12.57% 12.57% 12.57% 12.57% 12.57% 12.57% 12.57%
0.5 2 4 86% 4 88% 4 88% 4.88% 4.88% 4.88% 4.88% 4.88%
0.5 25 1.93% 1.94% 1.94% 1.94% 1.94% 1.94% 1.94% 1.94%
0.5 2 0.80% 0.80% 0.80% 0.80% 0.80% 0.80% 0.80% 0.80%
0.5 43 0.33% 0.34% 0.34% 0.34% 0.34% 0.34% 0.34% 0.34%
0.5 4 0.14% 0.14% 0.14% 0.14% 0.14% 0.14% 0.14% 0.14%
0.5 0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.03%
0.75 43.97% 46.62% 47.28% 47.43% 47.48% 47.48% 47.48% 47.48%
0.75 ® 2571% 27.22% 27.60% 27.68% 27.71% 27.71% 27.71% 27.71%
0.75 15.05% 15.94% 16.16% 16.21% 16.22% 16.22% 16.22% 16.22%
0.75 5 8.93% 9.46% 9.60% 9.63% 9.64% 9.64% 9.64% 9.64%
0.75 5.40% 5.73% 5.81% 5.83% 5.84% 5.84% 5.84% 5.84%
0.75 5 3.33% 3.54% 3.58% 3.60% 3.60% 3.60% 3.60% 3.60%
0.75 2.08% 2.22% 2.25% 2.26% 2.26% 2.26% 2.26% 2.26%
0.75 0.85% 0.91% 0.92% 0.92% 0.92% 0.92% 0.92% 0.92%
1 51.68% 58.39% 61.26% 62.48% 63.35% 63.35% 63.35% 63.35%
5 35 66% 40.37% 42 40% 43.27% 43.89% 43.90% 43.90% 43.90%
24 85% 28.20% 29.67% 30.30% 30.75% 30.76% 30.76% 30.76%
5 17.52% 19.94% 21.01% 21.47% 21.81% 21.81% 21.81% 21.81%
12.51% 14.28% 15.06% 15.41% 15.66% 15.66% 15.66% 15.66%
5 9.04% 10.35% 10.93% 11.19% 11.38% 11.38% 11.38% 11.38%

6.61% 7.58% 8.02% 8.22% 8.36% 8.36% 8.36% 8.36%
3.64% 4.20% 4.45% 4.56% 4.65% 4.65% 4.65% 4.65%
55.05% 71.01% 82.76% 91.55% 11259% 120.25% 120.99%  120.99%

5 46.59% 60.57% 70.86% 78.80% 97.78% 104.81%  105.50%  105.50%
39.97% 52.27% 61.50% 68.52% 85.69% 92.14% 92.78% 92.78%

5 34 62% 4551% 53.74% 60.02% 75.58% 81.52% §2.12% §2.12%
30.23% 39.89% 47.25% 52.90% 67.03% 72.49% 73.05% 73.05%

5 26.55% 35.17% 41.76% 46.86% 59.70% 64.74% 65.26% 65.26%

23 45% 31.15% 37.08% 41.68% 53.38% 58.03% 58.51% 58.51%

18.53% 24 74% 29 57% 33.34% 43.09% 47.06% 47 48% 47 48%

47.37% 63 85% T7.69% 89.24% 126.67%  156.01%  169.47%  168.47%
42.34% 57.62% 70.39% 81.20% M6.55%  144.61%  15781%  157.61%
38.30% 52.44% 64.33% T4.46% 107.89%  134.73%  147.28%  147.29%
34 .83% 48.06% 59.17% 68.68% 10032%  12599%  138.11%  138.12%
32.06% 44 28% 54 .63% 63.62% 93.58% 118.16%  128.87%  128.87%
20.58% 40.98% 50.74% 59.15% 87.56% 111.08%  12239%  122.39%
27.40% 38.06% 47.23% 55.16% 82.12% 104.63%  115.56%  115.57%
23.73% 33.12% 41.25% 43.32% 72.65% 893.31% 103.51%  103.52%
34.00% 47.55% 59.64% 70.58% 11346% 166.32% 248.99%  252.21%
31.62% 44 53% 56.13% 66.67% 108.30%  160.04%  2471.54% 244 74%
29 68% 42.01% 53.16% 63.33% 10377% 1544080 234.74%  237.91%
28.04% 39.85% 50.58% 60.40% 99.69% 149.25%  22844%  231.58%
26.62% 37.95% 48.29% 57.78% 95 98% 144 49%  22254%  225.66%

i

o

&

o

5 25.37% 36.26% 46.24% 55.43% 92.57% 140.06%  216.98%  220.07%

24.24% 34 74% 44 37% 53.27% 89.42% 13591% 211.72%  214.78%

5 22.30% 32.07% 41.09% 49.46% 83.73% 12831%  201.94%  204.95%
10 18.72% 26.86% 34 49% 41.71% 73.40% 12345%  31460%  432.60%
10 5 17.81% 25.84% 33.31% 40.39% 71.63% 12122%  31145% 428.15%
10 17.25% 24 89% 32.20% 39.24% 70.05% 118.19%  30849%  425.88%
10 5 16.69% 24.24% 31.41% 38.23% 58.62% 117.30%  30566% 42275%
10 16.20% 23.50% 30.681% 37.32% 67.30% 115.53%  302.94% 418.73%
10 5 15.76% 23.00% 20.89% 36.48% 66.07% 113.86%  300.33% 416.80%
10 15.37% 22.46% 20.23% 35.73% 54.93% 11227% 297.80%  413.96%
10 14.68% 21.51% 28.06% 34.35% 52.82% 108.31% 292.95% 408.49%
200 1.09% 1.61% 2.12% 262% 5.07% 9.74% 43.21% 183.91%
200 5 1.07% 1.58% 2.10% 2.60% 5.05% 9.71% 43.17% 183 .86%
200 1.06% 1.58% 2.08% 2.59% 5.02% 9.68% 43.14% 183.81%
200 5 1.05% 1.57% 2.07% 257% 5.00% 9.65% 43.10% 183.77%
200 1.05% 1.56% 2.06% 2 56% 4.98% 9.63% 43.06% 183.72%
200 5 1.04% 1.55% 2.05% 2.54% 4.96% 9.60% 43.03% 183 .68%
200 1.03% 1.54% 2.04% 2.53% 4.95% 9.58% 42.99% 183 .63%

L T e T N N T 2 T T A T S R e N S L N N S  E  E N A T R - R ST e e
o

1.02% 1.52% 2.02% 251% 4.92% 9.54% 42.92% 183 54%
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Tableb5.2: multiplefor SL reinsurance in Luxemburg
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6. Distribution-free evaluation of multiples.

In practice, the situation where there are not enough claims statistics to assess in areliable
way the distribution of arisk is encountered quite often. However, it is typical to reinsurance
that the range [A, B], A> 0, of extreme risk exposures of the reinsurance risk are known. In
this case, we suggest to use the maximum coefficient of variation to price risks (e.g.
Hurlimann(2001), p.354). According to Hurlimann(2004), the maximum coefficient of
variation is attained for arisk with mean

m=2x 28 (6.1)
A+B
and is given by
2
2 =2 (A+B)" (6.2)
4 AB

In the following, conditions under which this method yields useful results for the calculation
of XL and SL reinsurance multiples are analyzed.
Consider first a XL reinsurance contract with layer C xsD . Setting c=1+<>1, and

using the formulas (6.1) and (6.2), we suppose that the layer risk of each claim has the mean
m=2 S D and the maximum coefficient of variation k =1C;1. Wwith N, the
1+c 2 Je

expected number of claims above D, the aggregate claims S(D,c) covered by the XL
treaty has then the expected value

c

E(D,c)=2 Trc PNo (6.3)
and the standard deviation
1 1+c
D,c)== E(D,c). 6.4
s(.¢)=5 - Eb-0) (6.4)

The distribution-free multiple for XL reinsurance isthen given by

M(D,c)zlceil 241 +c)
2 (1+c)g, + 4N,

(6.5)

In the above situation of incomplete information, the expected number of claims may not be
known. As arough approximation of it, let us use the estimate

P(D,c) _1_ P(D,c) (lre

=—X

6.6
m 2 D (o 66

Np »

where P(D,c) isanavailable XL premium. Then the multipleis given by
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M (D,c):lcen 24 (6.7)
2 +2 i P(D’C)
%*N1+e D

If P(D,c) isthe risk premium, then the distribution-free formula (6.5) is exact. Under which
conditions does the distribution-free evaluation of the multiple yield a useful approximation
of it? To analyze this question, suppose the premium is calculated using the standard
deviation principle (3.9) for a Pareto clam size with index &4=3 (Benktander's
approximation). Table 6.1 yields a distribution-free evaluation of the multiple according to
formula (6.5) for small expected number of claims N, T [0.11].

Table6.1: distribution-free XL multiple for small expected number of claims

Number parameter ¢

of clams | 2 3 4 5 6 7 8 9
0.1 105 105 11 11 115 115 115 12
0.2 9.5 9.5 9.5 10 105 105 11 11
0.3 8.5 9 9 95 9.5 10 10 105
0.4 8 8.5 8.5 9 9 9.5 9.5 10
05 8 8 8 85 9 9 9.5 9.5
0.6 75 75 8 8 8.5 9 9 9
0.8 7 7 75 75 8 8.5 8.5 8.5
1 6.5 7 7 75 75 8 8 8.5

In Table 6.2 these figures are compared to the evaluation according to formula (6.7) with the
Benktander premium approximation

I
N
|_\

1 1
No + 20 1- JIN, . (6.8)

One observes that the distribution-free method mostly overestimates the XL multiple in the
range N, 1 [0.31] by at most one unit, and underestimatesit in therange N, 1 [0.1,0.2] by
at most half aunit. In view of the fact that besides the premium no claims statistics should be
available, this method is useful for the case of a small number of claims above the deductible.

Table 6.2: difference between distribution-free and Benktander approximate XL multiple

Number parameter c

of claims 2 3 4 5 6 7 8 9
0.1 0 -0.5 -0.5 -0.5 0 0 -0.5 0
0.2 0.5 0 -0.5 0 0.5 0 0.5 0.5
0.3 0.5 0.5 0 0.5 0 0.5 0.5 1
0.4 0.5 0.5 0 0.5 0.5 0.5 0.5 1
0.5 1 0.5 0 0.5 1 0.5 1 1
0.6 1 0.5 0.5 0.5 0.5 1 1 1
0.8 1 0.5 0.5 0.5 1 1 1 1
1 1 1 0.5 1 1 1 1 15
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Consider now a SL reinsurance contract with layer C xsD andset c=1+&>1. Using
(6.1) and (6.2), we suppose that the aggregate claims of the risk, which is relevant to the layer,

has the maximum coefficient of variation k :%CTl . To evaluate a distribution-free SL
C
multiple, we use a gamma distribution as in Section 5 with the parameter a = k_12 = (4—C1)2
C -

Table 6.3 lists the obtained distribution-free XL multiples for priorities d1 [1,1.25] near one
unit of expected aggregate clamsand cl [2,6] . A comparison with the XL multiple obtained
from the formula (3.10) using (5.7) and (5.8) shows that the approximation differs only
dightly and by at most one unit for afl [113] and is best around a =4. Again, for this
often encountered situation, the distribution-free SL multiple is quite useful.

Table 6.3: distribution-free SL multiple for priorities near the mean aggregate claims

parameter ¢
Priority 2 25 3 35 4 45 5 6
1 6.5 7 7 7 7 75 75 75
1.05 7 7 7 75 75 75 75 75
11 75 75 75 75 75 75 75 8
1.125 75 75 75 75 75 75 8 8
115 8 75 75 75 75 8 8 8
1175 8 8 8 8 8 8 8 8
12 8 8 8 8 8 8 8 8
1.25 85 85 8 8 8 8 8 8

On the other side, a close ook at the Table 5.2 shows that the SL multiple first decreases and
then increases as a function of the parameter a . Table 6.4 displays the obtained minimum
SL multiple for priorities dT [15] (measured in units of expected aggregate claims) and
cl [2,500]. Typical values of the corresponding coefficients of variations, which yield this

minimum values, are listed in Table 6.5. The latter results are useful when no statistical
information is available, and a minimum value of the SL multipleisrequired by regulation.

Table 6.4: minimum SL multiple

Priority parameter ¢

2 3 4 5 10 20 100 500
1 6 6 6 6 6 6 6 6
1.1 75 75 75 75 75 75 75 75
1.5 8 8.5 8.5 8.5 9 9 9 9
2 8.5 9 9 9.5 9.5 10 10 10
25 9 9.5 9.5 9.5 10 10.5 10.5 105
3 9.5 10 10 10 10.5 11 115 115
4 10 10.5 105 10.5 11 115 115 115
5 10.5 11 11 11 115 115 12 12
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Table 6.5: coefficients of variation, which yield minimum SL multiples

Priority parameter c

2 3 4 5 10 20 100 500
1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
1.1 2 15 1 0.75 0.75 0.75 0.75 0.75
1.5 15 15 15 1.5 15 15 15 15
2 2 3 25 35 2 2 2 2
25 25 3 3 2.5 25 25 25 25
3 3 3 3 3 3 3 3 3
4 3 3 3 3 3 3 25 25
5 3 3 3 3 3 4 3 3

7. Multivariate generalization.

It is rather straightforward to calculate the multiple of independent XL and SL reinsurance
contracts. Consider first a portfolio of independent XL contracts covering layers

C xsD;, i=1..,m,wheretherisk of each layer follows a compound Poisson Pareto model
with Pareto index a;,, i=1..,m. Now, s&t cC :1+%, i =1...,m, and introduce

parameter vectors a = (a,,...a,), D=(D,...D,), c=(c,...c,). Then the mean and
standard deviation of the portfolio of XL layersisgiven by

E.(@D.0)=

i=1

m

£, (,D,.c) sXL(a,D,c)=J si(a.D.c) (1)

i=1

where the means and standard deviations of each XL layer is calculated according to the
formulas (3.5), (3.7)-(3.8). The theoretical multiple and the Luxemburg minimum premium of
this XL portfolio is then given by

MXL(a,qO,D,c):lmeil 24 ,
2 Ex (@.D.c)
Gy + 2Xx T (7.2)
SXL(a' D'C)
1
PXL(a’qO’ D’C) = EXL(a’ D’C)"'qu XSXL(a’ D’C)-
Similarly, let be given independent compound Poisson risks S, i =1...,m, where each risk
can be approximated by a Gamma random variable with mean 2 and coefficient of
varigtion k;, i=1..,m, as in the setting of Section 5. The squared inverses of the
coefficients of variation are denoted by a, =k’?, i=1..,m. Consider now a portfolio of

independent SL contracts covering layers C, xsD;, i=1...,.m,set cC :1+%, i=1..,m,



20

and introduce parameter vectors a =(a,,...,a,,), D =(D,....D,), ¢=(c,....c,). Then the

mean and standard deviation of the portfolio of SL layersis given by

009 meufa D c) sa@nd=)” Aeilc) 03

i=1

where the means and standard deviations of each mean scaled XL layer is calculated
according to the formulas (5.7)-(5.8). The theoretical multiple and the Luxemburg minimum
premium of this SL portfolio is then given by

24
Eq(a@,D,c) ’
sq(a.D,c)

Mg (@, g, D,c):1>«:eil
2 g +2 (7.4)
Py (2,05,D,¢) = Eq (@.0,0)+ 2 g, 54 (4.D.c).

The Tables 7.1 and 7.2 illustrate the impact of building portfolios of XL and SL layers on the
evaluation of multiples and minimum premiums for L uxemburg reinsurance companies.

Table7.1: Luxemburg premiums and multiples for a XL portfolio

XL layer | Pareto index number of claims | deductible D ratio c
1 15 0.05 10'000'000 10

2 25 0.5 20'000'000 5

3 3 2 5'000'000 4

XL layer | mean standard deviation | premium multiple
1 683772 5'437'840 2'548'175 13

2 6'070'382 14'121'397 10'912'004 8

3 4'687'500 5'303'301 6'505'775 5
Portfolio | 11'441'654 16'034'618 16'939'237 6

Table 7.2: Luxemburg premiums and multiplesfor a SL portfolio

SL layer | coeff. variation | aggregate clams priority D ratio c
1 0.5 50'000'000 50000000 2

2 1 20'000'000 40'000'000 5

3 2 5'000'000 20'000'000 10

SL layer | mean standard deviation | premium multiple
1 9'732'090 17'027'453.8 15570074 7

2 2'688'468 9'831'751.3 6'059'354.2 10

3 962407 4'977'697.1 2'669'045.9 115
Portfolio | 13'382'965 2'028'2381.1 20'336'924 6
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