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Abstract 
 
The multi-period economic risk capital of a guaranteed cash-flow under two 
simple bi- and triatomic Markov chain models of the return is evaluated. It is 
identified with the conditional value-at-risk of the cash-flow risk given some 
confidence level. A main application concerns the risk-adjusted return on capital 
used as a tool of decision making in performance measurement. The obtained 
results are illustrated and discussed at a real life example. 
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1.  Introduction. 
 

The present paper is devoted to the evaluation of the multi-period economic risk 
capital (ERC) of a guaranteed cash-flow under two simple bi- and triatomic Fréchet-Markov 
models of the return. A main application concerns the value of the economic risk capital 
associated to the risk-adjusted return on capital (RAROC) used as a tool of decision making 
in performance measurement. In general, the value of the economic risk capital associated to 
some future random loss is identified with the conditional value-at-risk (CVaR) of the loss 
given some confidence level  α . Mathematically, this is defined as expected value of the “α -
tail transform”, and can be viewed as a convex combination of the usual value-at-risk (VaR) 
and the upper conditional value-at-risk (CVaR+). The latter quantity is defined to be the 
conditional expected loss given the loss strictly exceeds its value-at-risk and represents the 
“average of the )%1(100 α−  worst losses” in a random sample of losses. 

As pointed out in recent studies the popular VaR measure, used to assess capital 
requirements in the insurance and finance industry, suffers from various shortcomings. For 
example, numerical instability and difficulties occur for non-normal loss distributions, 
especially in the presence of “fat tails” or/and empirical discreteness. Furthermore, VaR is not 
a coherent measure of risk in the sense of Arztner et al.(1997/99), and it does not take into 
account the severity of an incurred adverse loss event. The alternative CVaR measure has 
some significant advantages over the VaR measure. It is able to quantify dangers beyond 
value-at-risk and it is coherent. Moreover, it provides a numerical efficient and stable tool in 
optimization problems under uncertainty. Some recent studies presenting these advantages 
and further desirable properties include Acerbi(2001), Acerbi and Tasche(2001a/b), Bertsimas 
et al.(2001), Hürlimann(2001/03), Kusuoka(2001), Pflug(2000), Rockafellar and 
Uryasev(2000/2001), Testuri and Uryasev(2000), Wirch and Hardy(1999), Yamai and 
Yoshiba(2001a/b), Yoshiba and Yamai(2001). A more detailed outline of the content follows. 

Section 2 introduces our multi-period ERC valuation model for guaranteed discrete-
time cash-flows under random returns. To protect the random cash-flow against adverse 
returns below a deterministic guaranteed return, an investor is supposed to buy in each period 
a put option. This generates some cost of the guarantee at the finite time horizon. The cash-
flow risk is defined to be the negative of the possible random gain generated by the protected 
cash-flow in excess of the sum of the guaranteed cash-flow value and the cost of the 
guarantee. The multi-period ERC of a guaranteed cash-flow is set equal to the CVaR of the 
cash-flow risk given some confidence level. A main application concerns the important notion 
of risk-adjusted return on capital (RAROC) of a guaranteed cash-flow. Used as a tool in risk-
adjustment performance measurement, the RAROC criterion tells us when a guaranteed cash-
flow under random returns is preferred to another one. 

In Section 3 we consider the following biatomic Markov chain return model. In each 
period the random return is uniquely identified as a biatomic random variable with fixed 
mean, standard deviation and skewness. The random returns in the multi-period of valuation 
are assumed to be identically distributed and follow a one-parameter Markov chain with 
Fréchet copula bivariate dependence structure, called for short Fréchet-Markov model, which 
includes as extreme cases independent and comonotone returns. The cost of guarantee is 
determined under the usual risk-neutral valuation method. Then, it is shown how to evaluate 
numerically the CVaR risk measure. 

Section 4 contains a detailed study of the often encountered guaranteed annuity-due 
with constant payments under our biatomic Fréchet-Markov return model. A remarkable 
feature of the put option strategy used to protect the random annuity is the constant amount of 
ERC as long as the chosen confidence level is sufficiently high. Since ERC is bounded above 
by the cost of guarantee, we maximize this quantity under variation of the skewness 
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parameter. This yields prudent ERC upper bounds. The obtained results are illustrated and 
discussed at the real life example of the Fed Funds rates of return over the period 1988-1997. 

Section 5 extends the analysis using a similar triatomic Fréchet-Markov chain return 
model. Based on the solution of the algebraic moment problem of order three, we first 
identify the one-period random returns as a one-parameter family of triatomic random 
variables with fixed mean, standard deviation, skewness and kurtosis. The remaining 
parameter is uniquely determined by the VaR condition that a return less than the smallest 
possible atom occurs only with the loss probability  αε −= 1 , where  α   is the confidence 
level used to calculate CVaR. To determine the cost of guarantee, we replace the probabilities 
by risk-neutral probabilities. The numerical evaluation of the CVaR risk measure is similar to 
the one presented in Section 3. A comparative numerical illustration follows for the 
guaranteed annuity-due with constant payments. 
 
 
2. Multi-period ERC valuation model. 
 

A discrete-time cash-flow over the time horizon  [ ]T,0 ,  T  a positive integer, is a 
sequence of payments  c ),...,( 1 Tcc= , where the payment  kc   is due at time  Tkk ,...,1,1 =− . 
The payments may be strictly positive (long position), strictly negative (short position) or zero 
(vanishing cash payment). 

For simplicity suppose that the return in the  k-th period  [ ]kk ,1−   is a random variable  
TkRk ,...,1, = . We assume that  TRRR ...,,, 21   are identically distributed with finite expected 

return  [ ]kREr =   and standard deviation  [ ]kRVar=σ . Over the time horizon  [ ]T,0 , the 

payments should yield the deterministic guaranteed return  gr . The corresponding guaranteed 

cash-flow induces a liability, whose accumulated value at time  T  is given by 
 

( )�
=

+−+⋅=
T

k

kT
gkT rcL

1

11 .     (2.1) 

 
To obtain the guaranteed return with certainty, an investor will buy on the financial market in 
each period  [ ]kk ,1−   a certain amount of put options with payoff  ( )

+
− kg Rr . According to 

the put-call parity relation, the total random return in period  [ ]kk ,1−   satisfies the identity 
 

( ) ( )
++

−+=−+ gkgkgk rRrRrR .    (2.2) 

 
The random accumulated value at time  T  of the protected cash-flow is then given by 
 

( )[ ]� ∏
= =

+
−++⋅=

T

k

T

kj
gkgkT rRrcV

1

1 .    (2.3) 

 
It remains to determine the cost of guarantee. Denote by  )( grP   the put option price, to be 

paid at time  1−k , which yields in each period  [ ]kk ,1−   the payoff  ( ) TkRr kg ,...,1, =−
+

. In 

each period  [ ] Tttt ,...,1,,1 =− , the accumulated amount of the sequence of payments  

tcc ,...,1 , that is  ( )�
=

+−+
t

k

kt
gk rc

1

11 , must be guaranteed at time  t  by buying put options with 
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payoff  ( )
+

− tg Rr . Using (2.2) the cost of this guarantee at time  1−t    equals  

( ) TtrcrPK
t

k

kt
gkgt ,...,1,1)(

1

1
1 =+⋅= �

=

+−
− . Valued at the risk-free return  fr , the accumulated 

value at time  T  of the total cost of guarantee is then equal to 
 

( )�
−

=

−+=
1

0

1
T

t

tT
ftT rKC .     (2.4) 

 
It will be assumed throughout that the risk-free return, the guaranteed return and the expected 
return satisfy the inequality 
 

rrr fg << .      (2.5) 

 
The fact that  fg rr <   follows from divers arguments (e.g. Devolder(1986/91), Kozik(1991), 

Hürlimann(1991a/b/96), Wilkie(1991). The above protected cash-flow should be compared 
with the guaranteed cash-flow under the cost of guarantee. The generated aggregate surplus at 
time  T, defined as difference between assets and liabilities, is denoted and equal to 
 

TTTT CLVG −−= .     (2.6) 
 
It represents the possible random gain of the protected cash-flow in excess of the sum of the 
guaranteed cash-flow value and the cost of guarantee. Its negative value is called cash-flow 
risk. The economic risk capital (ERC) associated to the cash-flow risk  

TTTTT VLCGX −+=−=   will be identified with the conditional value-at-risk to some 
confidence level  α   defined by Rockafellar and Uryasev(2001). 

Given a loss random variable  X  with distribution function  )Pr()( xXxFX ≤= , 
consider the value-at-risk (VaR) to the confidence level  α , defined as the lower  α -quantile 
 

[ ] { }ααα ≥== )(:inf)( xFxQXVaR XX
� ,   (2.7) 

 
and the upper conditional value-at-risk ( +CVaR ) to the confidence level  α , defined by 
 

[ ] [ ][ ]XVaRXXEXCVaR αα >=+ .    (2.8) 

 
The VaR quantity represents the maximum possible loss, which is not exceeded with the 
probability  α  (in practice  %75.99%,99%,95=α ). The +CVaR  quantity is the conditional 
expected loss given the loss strictly exceeds its value-at-risk. Next, consider the  α -tail 
transform  αX   of  X  with distribution function 
 

�
�

�
�

�

=)(xF
X α

[ ]
[ ].,

1
)(

,,0

XVaRx
xF

XVaRx

X
α

α

α
α ≥

−
−

<
   (2.9) 
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Rockafellar and Uryasev(2001) define conditional value-at-risk (CVaR) to the confidence 
level  α   as expected value of the  α -tail transform, that is by 
 

[ ] [ ]α
α XEXCVaR = .     (2.10) 

 
The obtained measure is a coherent risk measure in the sense of Arztner et al.(1997/99) and 
coincides with  +CVaR   in the case of continuous distributions. As pointed out by 
Hürlimann(2003), several equivalent formulas exist for the evaluation of (2.10). Perhaps the 
simplest and most practical one is the following stop-loss transform representation. 
 
Lemma 2.1.  One has the formula 
 

[ ] [ ] [ ]( )XVaRXVaRXCVaR X ααα π
ε

⋅+= 1
,   (2.11) 

 
where  [ ]+−= )()( xXExXπ   is the stop-loss transform, and  αε −= 1   is interpreted as loss 
probability. 
 

Proof.  By definition (2.10) one has  [ ] [ ] ��
∞−

∞

−==
0

0

)()( dxxFdxxFXEXCVaR
XX αα

α
α . Using 

(2.9) one obtains distinguishing between the two cases  [ ] 0≥XVaRα   and  [ ] 0<XVaRα   
without difficulty the desired expression (2.11).  � 
 

In the special situation of discrete loss distributions with ordered support  
...... 121 <<<<< +kk xxxx , which will be used to evaluate our  CVaR bounds in the present 

paper, numerical evaluation proceeds as follows. Let  )Pr( kk xXf ==   denote the probability 
that the loss takes the value  kx ,  ,...3,2,1=k , and assume the finite mean  [ ]XEX =µ   is 
known. Determine the unique index  αk   such that 
 

��
=

−

=

≤<
αα

α
k

k
k

k

k
k ff

1

1

1

.     (2.12) 

 
Then one has 
 

   [ ]
αα kxXVaR = ,       

 
and one obtains from Lemma 2.1 that 
 

[ ] [ ] [ ] [ ]( )[ ]{ }

.)(
1

1

0 �
	



�
�
�

⋅−+⋅−⋅=

−+−⋅+=

�
=

+

α

αα
αµ

ε

µ
ε αααα

k

k
kkkkX

X

fxxx

XXVaREXVaRXVaRXCVaR

  (2.13) 

 
In particular, the loss probabilities must only be evaluated up to the index  αk   satisfying the 
inequality (2.12). 
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The CVaR risk measure is of great importance in decision making because it can be 
used as a tool in risk-adjusted performance measurement. Consider the random gain (2.6) per 
unit of conditional value-at-risk, called CVaR gain ratio, which is defined by 
 

[ ]T

T

XCVaR
G

α

.      (2.14) 

 
The expected value of the CVaR gain ratio measures the risk-adjusted return on capital. This 
way of computing the return is commonly called RAROC (e.g. Matten(1996), p.59), and is 
defined by 
 

[ ] [ ]
[ ]T

T
T XCVaR

GE
GRAROC

α
α = .                                    (2.15) 

 
Now, if an investor has to decide upon the more profitable of two protected cash-flows with 
asssociated random gains  1

TG   and  2
TG , a decision in favor of the first one is taken if and 

only if  [ ] [ ]21
TT GRAROCGRAROC αα ≥   at given confidence levels  α . The RAROC criterion 

tells us that a random gain is preferred to another if its expected value per unit of economic 
risk capital is greater. 
 A simple alternative to RAROC is the inverse coefficient of variation (ICV) of the 
random gain defined by 
 

[ ] [ ] [ ] [ ]
[ ] ,,

1

T

T
T

T
T GE

GVar
GCV

GCV
GICV ==    (2.16) 

  
which represents the expected value of the random gain per unit of standard deviation. The 
ICV criterion tells us that  1

TG   is preferred to  2
TG   if and only if  [ ]≥1

TGICV [ ]2
TGICV   or 

equivalently  [ ]≤1
TGCV [ ]2

TGCV . 
 
 
3. Biatomic Fréchet-Markov return model. 
 

Without further specification of the identically distributed returns  TRRR ...,, 21 , the ERC 
and RAROC quantities cannot be calculated. Besides the mean  r  and standard deviation  σ , 
we will assume that the skewness of the random return  kR   equals  γ ,  Tk ,...,1= . By 
assuming further biatomic returns, these characteristics uniquely determine  kR . 
 
Proposition 3.1.  The support  { } udud <,, , and probabilities  { }pqp −= 1,   of a biatomic 
random variable with mean  r, standard deviation  σ   and skewness  γ   are uniquely 
determined by 

( )
( )

.
4

1
2
1

,4

,4

2

2
2
1

2
2
1

�
�

�




�
�

�

�

+
+=

+++=

−+−=

γ
γ

γγσ

γγσ

p

ru

rd

     (3.1) 
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Proof.  The atoms of a standardized biatomic random variable with mean  0=r , standard 
deviation  1=σ   and skewness  γ   solve the algebraic moment problem of order two, that is 
the non-linear equations 
 

    

.

,1

,0

33

22

γ=+

=+
=+

qupd

qupd

qupd

        

 
According to Mammana(1954) (see Hürlimann(1998), chapter I, Hürlimann(2002), Appendix 
II), the atoms  ud ,   are the distinct real zeros of the standard quadratic orthogonal 
polynomial of degree two  1)( 2

2 −−= xxxp γ , that is 
 

    ( ) ( ).4,4 2
2
12

2
1 γγγγ ++=+−= ud      

 
The formulas (3.1) follow immediately.  � 
 

Let us first calculate the cost of the guarantee (2.4). Following the usual risk-neutral 
valuation (e.g. Cox and Ross(1976)), the put option price with payoff  ( )

+
− kg Rr   equals 

 

( )[ ]

( ) ( ) ( ){ },1
1

1

1
1

)(

**

*

purpdr
r

RrE
r

rP

gg
f

kg
f

g

−⋅−+⋅−⋅
+

=

−
+

=

++

+

   (3.2) 

 
where the risk-neutral probability, which satisfies the condition  [ ] fk rRE =* , is given by 
 

.,* urd
du

ru
p f

f <<
−
−

=      (3.3) 

The dependence structure between the returns  TRRR ...,, 21   must also be specified. For 
simplicity, we assume the Markov chain property 
 

( ) ( )
,,...,2

,Pr1,...,1,Pr 11

Tk

xRxRkjxRxR kkkkjjkk

=

===−=== −−   (3.4) 

 
where  the  sxk '   belong to the supports of the  sRk ' . It follows that the joint probability 
function can be calculated from the formula 
 

( ) ( ) ( ).PrPr,...,1,Pr
2

1111 ∏
=

−− ==⋅====
T

j
jjjjkk xRxRxRTkxR  (3.5) 

 
The conditional probabilities 
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( ) ( )
( )11

11
11 Pr

,Pr
Pr

−−

−−
−− =

==
===

jj

jjjj
jjjj xR

xRxR
xRxR    (3.6) 

 
depend upon the knowledge of a bivariate distribution for the random couples  
( ) TjRR jj ,...,2,,1 =− , which are assumed to be identically distributed. In general, given a 

random couple  ),( YX   with finite discrete support  ( ){ }nkmiyx ki ,...,1,,...,1,, == , marginals  
( )ii xXF ≤= Pr ,  ( )kk yYG ≤= Pr , and joint distribution  ( )kiik yYxXH ≤≤= ,Pr , we will 

assume that the latter follows a Fréchet copula such that for some  [ ]1,0∈θ  : 
 

( ) { }kikiik GFGFH ,min1 θθ +−= .    (3.7) 
 

This one-parameter positive quadrant dependent statistical model includes independence  
)0( =θ   and comonotonocity  )1( =θ . In our situation, the couples  ( ) TjRR jj ,...,2,,1 =− , 

have support  { }),(),,(),,(),,( uuduuddd   and probabilities  { }22211211 ,,, pppp   such that 
 

( ) ��
�



��
�

�

+−
−+

=
)()1(

)1()(
pqqpq

pqqpp
pij θθ

θθ
,    (3.8) 

 
where  pqpud −= 1,,,   have been defined in (3.1), and  [ ]1,0∈θ . The simple model defined 
by (3.5), (3.6) and (3.8) is called biatomic Fréchet-Markov return model. The independent 
case  0=θ   is called biatomic random walk return model while the comonotone case  1=θ   
is called biatomic comonotone return model. 

To evaluate the random variable (2.3), one observes that 
 

     � ∏
= =

⋅=
T

k

T

kj
kkT YcV

1

, or recursively      

( ) ,,...,2,1 TkcVYV kkkk =+= −     (3.9) 
 

 where  ( ) TkrRrY gkgk ,...,1,1 =−++=
+

, is a finite sequence of Fréchet-Markov identically 

distributed biatomic random variables with supports  { } baba <,, , and probabilities  

{ }pqp −= 1,   given by (assume  ( )γγσ −+−=≥ 2
2
1 4rdrg ) 

 

( )
.

4
1

2
1

,41

,1

2

2
2
1

�
�

�




�
�

�

�

+
+=

++++=

+=

γ
γ

γγσ

p

rb

ra g

     (3.10) 

 
To obtain the  Tn 2=   atoms of the discrete random variable  TV , consider the set  ∆   of all 
zero-one vectors  ),...,( 1 Tδδδ =   with  { }1,0∈kδ . Then each  ∆∈δ   yields an atom 
 



 9 

� ∏
= =

−⋅=
T

k

T

kj
k

jj bacv
1

1 δδ
δ      (3.11) 

with probability 
 

( ) ( ){ }∏
=

−
−− ⋅+⋅−⋅===

T

k
kkT

kk qpqpvVh
2

1
11 ),(1Pr 11 δδεθθ δδδδ

δδ ,  (3.12) 

 
where  1),( =yxε   if  xy =   and  0  else. To evaluate  CVaR  of the cash-flow risk  

TTTT VLCX −+= , reorder and rename the  n  atoms  δδ vLCx TT −+=   of  TX   in ascending 
order such that  nxxx <<< ...21   and  ( ) nkxXf kTk ,...,1,Pr === . Using (2.11) one obtains 
the formula 
 

[ ] �
=

⋅−⋅
−

+=
n

kk
kkkkT fxxxXCVaR

α
αα αα )(

1
1

,   (3.13) 

 
where  αk   satisfies the inequality (2.12). 
 
 
4. Guaranteed annuity-due with constant payments. 
 

The useful special case  Tkck ,...,1,1 == ,  represents a guaranteed annuity-due with  T  
annual payments of amount  1. The accumulated value at time  T  of a deterministic annuity-
due with constant payments of amount  1  and interest rate  j  is denoted by 
 

( )[ ]11
1

),( −+��
�



��
�

� += Tj
j

j
jTS .     (4.1) 

 
The protected random annuity with guaranteed interest rate  gr   induces the deterministic 

liability at time  T  of amount 
 

),( gT rTSL =        (4.2) 

 
and the cost of guarantee (use formula (2.4)) 
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1

,()1(
1
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1
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1

�
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�
�
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+
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+�
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=
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+−�

f
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gfT
g

g

g
g

T

t

tT
fggT

rTS
r

rr
TSr

r

r
rP

rrtSrPC

  (4.3) 

 
In general, the mean  [ ]TVµ   and variance  [ ]TV2σ   of  TV   can be calculated numerically 
using (3.11) and (3.12). For the important biatomic random walk return model, that is the 
independent case  0=θ , there exists even the explicit expressions (see Burnecki et al.(2001), 
Corollary 3.1, which corrects some main results in Zaks(2001)) : 
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[ ] [ ] 11),,( −+=−== bqapYErrTSV kYyTµ ,  (4.4) 

[ ]
Y

YYYYY
T

Y
T r

rTSrrTSrfTSrgTSr
V

),()1(2),2()1(),()2(),()1(2 1
2 +++−+−+=

+

σ  (4.5) 

 
where one sets 

[ ] .
1

,)(,2
2

2222

Y

Y
YkYYYY r

s
rgpqabYVarssrrf

+
+=−==++=  (4.6) 

 
As a general consequence, the inverse coefficient of variation of gain is explicitly given by 
 

[ ] [ ]
[ ] .

T

TTT
T V

CLV
GICV

σ
µ −−=      (4.7) 

 
The calculation of  CVaR  is also rather explicit. First of all, it is convenient to number the 
zero-one vectors  ∆∈δ   in such a way that  ),...,( ,11,11 Tkkk −−− = δδδ   precedes  

),...,( ,1, Tkkk δδδ =   in the lexicographic order,  Tnk 2,...,2 == . Since  ba <   one sees 

immediately that  nkvv
kk

,...,2,
1

=<
− δδ . Setting  

1+−
−+=

kn
vLCx TTk δ   and  

1+−
=

kn
hfk δ ,  

nk ,...,1= , the atoms of  TX   form automatically an increasing sequence and the proposed 
numerical algorithm to evaluate  CVaR  applies. 

A remarkable feature of the put option strategy used to protect the random annuity is 
the constant amount of required economic risk capital as long as the loss probability is 
sufficiently small. In our special situation, this constant is the cost of guarantee. As a 
consequence, the economic risk capital is always bounded above by the cost of guarantee. 
 

Proposition 4.1.  If  [ ] )4(,1,0,)( 2
2
11 γγσθθε −+−=≥∈+< − rdrqpp g

T , one has 

 
[ ] [ ] TTT CXVaRXCVaR == αα .    (4.8) 

 
Proof.  For  )0,...,0(1 =δ   one has  )1,(

1
−= aTSvδ   and  1)(

1

−+= Tqpph θδ . Since  
1)( −+=< T

n qppf θε   the inequality (2.12) is only satisfied when  nk =α , hence 
 

    [ ] [ ]
1δαα vLCxXVaRXCVaR TTnTT −+=== .    

 
The formulas (4.8) follows using (4.2) and (4.3) and the fact that  gra += 1   under the 

assumption  drg ≥ .  � 

 
The quantity RAROC satisfies a similar property. 
 

Corollary 4.1.  If  [ ] )4(,1,0,)( 2
2
11 γγσθθε −+−=≥∈+< − rdrqpp g

T , one has 

 

[ ] [ ]
T

TgT
T C

CrTSV
GRAROC

−−
=

),(µ
α .   (4.9) 
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Example 4.1. 
 
It is interesting to look at the extreme case of the biatomic comonotone return model obtained 
when  1=θ . From (3.12) one sees that  0=δh   unless  )0,...,0(=δ   or  )1,...,1(=δ . In the 
special case of constant payments, one obtains a biatomic random value  TV   with support  
{ })1,(),1,( −− bTSaTS   and probabilities  { }pqp −= 1, . Then the cash-flow risk  TX   is also 
biatomic with support  { } { })1,(),1,(, 21 −−+−−+= aTSLCbTSLCxx TTTT   and probabilities  
{ } { }pqff ,, 21 = . The weighted average representation of  CVaR  yields in the biatomic case 
(Proposition 6 in Rockafellar and Uryasev(2001), formula (2.6) in Hürlimann(2003)): 
 

[ ]

�
�
�

<
≥

=

−+=

−
−

.,0
,,

,)1(

1

21

p

p

xxXCVaR
q

T

ε
ελ

λλ

α
α

α

     (4.10) 

 
If  p<ε   one recovers the assertions of Proposition 4.1 and Corollary 4.1. As a remarkable 
feature we show that this condition is almost always fulfilled. 
 
Corollary 4.2.  If  ( )ε

εγεθ 21
2
1

2
1 ,,1 −−><= , one has  [ ] [ ] TTT CXVaRXCVaR == αα . 

 
Proof.  Recall from (3.1) that  )1(

242
1

γ

γ

+
+=p   with  γ   the skewness. If  0>γ   one has  

ε>> 2
1p , hence (4.11) holds. If  0<γ   the condition  p<ε   is equivalent with  

)( 21
2
12

ε
εγ −< , and is fulfilled by assumption on  γ .  � 

 
In general, from Proposition 4.1 it follows that there is a maximum time horizon for which  
CVaR=VaR  is maximum. For the confidence  99.0=α , Table 4.1 lists the maximum time 
 

αε
θ

ε −=�
�

�
�
�

�

+
−+= 1,

)ln(
)ln()ln(

1max qp
p

T ,   (4.11) 

 
in function of the skewness  γ   and the dependence parameter  θ . 
 
Table 4.1 :  maximum time horizon for maximum  CVaR 
 
        θ  
γ  

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

0 6 7 8 10 11 14 18 25 38 77 
0.25 7 9 10 12 14 17 21 29 44 90 
0.5 9 10 12 14 17 20 26 35 53 107 
0.75 11 13 15 17 20 24 31 42 63 128 
1.0 14 15 18 20 24 29 37 50 76 153 
 
Since ERC is bounded above by the cost of guarantee, it is interesting to analyze when this 
quantity is maximal. This happens in case the put option price  )( grP   is maximal. We 

determine the maximum put option price as function of the skewness parameter  γ . In 
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general, replacing  )( grP   by its maximal value yields the maximum cost of guarantee under 
the biatomic Fréchet-Markov return model. Since CVaR is translation-invariant (property of a 
coherent risk measure), one has  [ ] [ ]TTTT VCVaRLCXCVaR −−+= αα . Therefore, using the 
maximum cost of guarantee, CVaR is replaced by a prudent upper bound. 
 
Proposition 4.2.  Suppose that  rrr fg << ,  2))(( σ<−− gf rrrr , and that the returns  

TkRk ,...,1, =   form an identically distributed sequence of biatomic random variables with 
mean  r, standard deviation  σ , and arbitrary skewness  γ . Then the put option price (3.2) 
with payoff  ( )

+
− kg Rr , given by 

 

( ) ,,
4

)2(
2
1

4

))((
2
1

)(
22

2

urd
rrrrrrr

rrrP g
gfgf

gfg ≤≤
+

−−
−

+

−−−
+−−=

γγσ
σ

  (4.12) 

 
is maximal at the skewness parameter 
 

.0
))((

)()(
2 20 <

+−−−
−+−

⋅−=
σ

σγ
gf

gf

rrrr

rrrr
   (4.13) 

 
Proof.  Under the restriction  urd g ≤≤   one finds using (3.1)-(3.3) the expression (4.12) for 

the put option price. View this as a function  )(γf   of the skewness parameter. One has 
 

).2(
2
1

,
))((

,
)4(

4
)('

2

2 2
3 gf

gf rrrB
rrrr

A
BA

f −−=
−−−

=
+

+−=
σ

σ
γ

γγ    

 
The stationary point  A

B4
0 −=γ , which is equal to (4.13), yields a maximum because  

0)(''
2
3

2
2

)41(8
0 <−=

+
A

B

Af γ . With the maximizing value  0γγ = , it is not difficult to show that the 

condition  urd g ≤≤   is fulfilled provided  2))(( σ<−− gf rrrr . The result is shown.  � 
 

Table 4.2 illustrates our findings at the specific biatomic random walk return model 
with  0=θ  and parameters  3032.0%,9558.1%,81.5%5%25.4 ===<=<= γσrrr fg . 

Similar calculations could be done for other values  0>θ   of the dependence parameter. 
These values of  γσ ,,r , which are borrowed from Das(2002), Table 1, p.29, are the 
summary statistics for the Fed Funds rate over the period January 1988 to December 1997. 
The specification (3.10) of the random returns  kY , required for the evaluation of the random 
annuity value  TV , is done using these values. The “guaranteed” biatomic return  1−kY   jumps 
between the values  %25.41 =−a   and  %085.81 =−b . With the observed skewness the 
return  kR   jumps between  %128.4   and  %085.8 . Compare this with the observed range, 
which variies between the minimum rate  %58.2   and the maximum rate  %71.10 . With the 
skewness  61909.30 −=γ , which maximizes the cost of guarantee after Proposition 4.3, the 
obtained range between  %773.1−   and  %314.6   is certainly too much negatively skewed. A 
compromise for the calculation of  )( grP   is to take  046.1−=γ   for which  kR   jumps 
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between  %58.2   and  %994.6 . This skewness value is used for a prudent estimation of the 
cost of guarantee in Table 4.2. For  8>T   there is a considerable decrease in ERC per unit of 
liability. This effect is a consequence of the chosen confidence level. 
 
Table 4.2 :  ERC  and  RAROC  of a guaranteed annuity-due 
 

T TL  

T

T

L
C⋅100

 
TL

CVaR⋅100
 [ ]TVµ  [ ]TVσ  [ ]TGICV  RAROC 

1 1.043 0.75 0.75 1.059 0.019 0.445 1.072 
2 2.129 1.14 1.14 2.180 0.044 0.598 1.078 
3 3.262 1.54 1.54 3.367 0.076 0.714 1.084 
4 4.443 1.94 1.94 4.624 0.116 0.813 1.090 
5 5.675 2.35 2.35 5.954 0.162 0.901 1.096 
6 6.958 2.77 2.77 7.363 0.217 0.978 1.103 
7 8.297 3.19 3.19 8.855 0.279 1.053 1.109 
8 9.692 3.62 3.62 10.434 0.349 1.121 1.115 
9 11.146 4.06 3.91 12.107 0.429 1.184 1.165 
10 12.662 4.51 4.10 13.877 0.518 1.244 1.241 
 
 
5. Triatomic Fréchet-Markov return model. 
 

Suppose that the identically distributed returns  TkRk ,...,1, = , have the mean  r , standard 
deviation  σ , skewness  γ   and kurtosis  2γ . If one assumes triatomic returns, these 
characteristics define the following one-parameter family of returns  kR .  
 
Proposition 5.1.  Suppose that  022

2 ≥+−=∆ γγ . The support  { } 321321 ,,, xxxxxx << ,  
and probabilities  { }321 ,, ppp   of a triatomic random variable with mean  r, standard deviation  
σ , skewness  γ   and kurtosis  2γ , are determined as follows : 
 

( ] ( )
( ) [ ] ( )

[ ),,)(

,4,,)(,

,4,,

3

2
2
1

2

2
2
1

1

∞+∈+=
++=++∈+=

+−=+∞−∈+=
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ccrcrxxrx
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σσψ
γγσσψσϕ

γγσσ

  (5.1) 

 

,3,2,1, =�
�



�
�

� −= i
rx

pp i
i σ

     (5.2) 

 
where the functions  ),( vuϕ , )(uψ   and  )(up   are defined by 
 

,
1

),(
uv

vu
vu

+
−−= γϕ       (5.3) 
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   (5.4) 

.
)1()(

)( 22 uuq
up

+∆+
∆=      (5.5) 

 
Proof.  It suffices to look at standardized triatomic random variables with atoms  

3,2,1, =−= i
rx

z i
i σ

. These atoms solve the algebraic moment problem of order three. By 

Mammana(1954) (see Hürlimann(1998), chapter I, Hürlimann(2002), Appendix II) they are 
the distinct real zeros of the standard cubic orthogonal polynomial of degree three  )(3 xp , 
which satisfies the three linear expected value equations 
 

[ ] .2,1,0,0)(3 == iZpZE i      (5.6) 
 

The condition 
 

[ ] ( )( )( )[ ] ( ) 0)( 3213213213 =−++−=−−−= zzzzzzzZzZzZEZpE γ  
 
implies the relationship 
 

).,( 312 zzz ϕ=       (5.7) 
 

Inserted into the condition 
 

[ ] ( )( )( )[ ] ( ) ( ) 03)( 32312132123213 =+++++−+=−−−= zzzzzzzzzzZzZzZZEZZpE γγ , 
 
one obtains that  3z   is solution of the quadratic equation 
 

0)()()( 131
2
31 =−− zDzzCzzq ,    (5.8) 

 
hence  )( 13 zz ψ=   as defined in (5.4). The probabilities take the values 
 

( )( ) ( )( ) ( )( ).
1

,
)1(

,
1

2313

21
3

2312

31
2

1312

32
1 zzzz

zz
p

zzzz
zz
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zzzz

zz
p

−−
+=

−−
+−=

−−
+=   (5.9) 

 
Since  321 zzz <<   one must have  01,01,01 213132 ≥+≤+≥+ zzzzzz . Since  131 −≤zz   

one must have  31 0 zz << , hence also  13 0 zz << , where  1−−= xx   for  0≠x . It follows that 
 

  

,0)1(

,0)1(

,0)1(

21211

13313

23323

≥−=+⋅
≥−=+⋅
≤−=+⋅

zzzzz

zzzzz

zzzzz
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which implies the inequalities 
 

12331 ,0 zzzzz ≤≤<≤ .     (5.10) 
 

Since  ),( 312 zzz ϕ=   the second inequalities in (5.10) are equivalent with 
 

01,01 1
2
13

2
3 ≥−−≥−− zzzz γγ .    (5.11) 

 
Since  31 0 zz <<   one must have  ( ) ( ] [ )∞∞−∈ ,,, 31 cxczz   and  [ ]ccz ,2 ∈ . This shows (5.1). 
To obtain the representation (5.2), note that  ))(,( 112 zzz ψϕ=   and  )( 13 zz ψ=   are solutions 

of the quadratic equation  0)()()( 11
2

1 =−− zDzzCzzq . One calculates 
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Inserted into (5.9) one gets  )( 11 zpp = . Making cyclic permutations of  321 ,, zzz   one obtains  

3,2),( == izpp ii .  � 
 
To perform our evaluations, a specification of  kR   using Proposition 5.1 must be made. We 
suggest to choose  kR   such that a return less than  xrx σ+=1   occurs only with the loss 
probability  αε −= 1 , where  α   is the confidence level used to calculate  CVaR. Then  x  is 
uniquely determined by the condition 
 

( ]cxxp ,,)( ∞−∈= ε .    (5.12) 
 

The cost of guarantee (2.4) is in great part determined by the put option price  

( )[ ]
+

−
+

= kg
f

g RrE
r

rP *

1
1

)( . To fulfill the risk-neutral probability condition  [ ] fk rRE =* , we 

suggest to replace the probabilities  ip   by risk-neutral probabilities  ��
�



��
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� −=
σ

rx
pp i

i

*
* , with  

( ) )(,)(,, **
3

***
2

**
1 xrxxxrxxrx σψψσϕσ +=+=+= . Explicitly, *x   solves the equation 

 
[ ] ( )[ ] [ ] frxpxrxxpxxrxpxr =+++++ ))(()()))(,(()(,)( **** ψσψψϕψσϕσ . (5.13) 

 
The put option price is then given by 
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Assuming the Markov chain property (3.4), it remains to specify the dependence structure 
between the random couples  ( ) TjRR jj ,...,2,,1 =− , which are again assumed to be identically 
distributed. As in Section 3, these couples follow Fréchet copulas and have support  
{ }3,1),,( ≤≤ jixx ji   and probabilities  { }3,1, ≤≤ jipij   such that 
 

�
�
�

=ijp
[ ]

,,)1(

,,)1(

ijpp

ijppp

ji

iii

≠−
=−+

θ
θ

    (5.15) 

 
where the  sxi '   and  spi '   have been defined in Proposition 5.1, and  [ ]1,0∈θ . This simple 
model is called triatomic Fréchet-Markov return model. The independent case  0=θ   is 
called triatomic random walk return model while the comonotone case  1=θ   is called 
triatomic comonotone return model. 

To evaluate (2.3) we use the representation (3.4), where  TkYk ,...,1, = , is a finite 
sequence of Fréchet-Markov identically distributed triatomic random variables with supports  
{ } 321321 ,,, aaaaaa << , and probabilities  { }321 ,, ppp   given by (assume  321 xxrx g <≤≤ ) 
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),(,1
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12
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xppxra

xxppxxra

xppra g

ψσψ
ψϕψσϕ
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  (5.16) 

 
Note that if  grx <2   then  kY   is a biatomic random variable, for which the results of Section 

3 applies. To obtain the  Tn 3=   atoms of the discrete random variable  TV , consider the set  
∆   of all vectors  ),...,( 1 Tδδδ =   with  { }1,0,1−∈kδ . Then each  ∆∈δ   yields an atom 
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with probability 
 

( )

( ){ },),(1

Pr

2
1

)(
3

1
2

)(
1

)(
3

1
2

)(
1

2
1

2
1

112
1

1112
1

∏
=

−
+−−

+−−

⋅+⋅−⋅

===
T

k
kk

T

kkkkk ppp

pppvVh

δδεθθ δδδδδ

δδδδδ
δδ

  (5.18) 

 
where  1),( =yxε   if  xy =   and  0  else. Then proceed as at the end of Section 3. 

Let us illustrate the obtained results at the guaranteed annuity-due with constant 
payments considered in Section 4 under the triatomic random walk return model with  0=θ . 
As numerical example we use the data of Section 4 completed with the kurtosis parameter  

8304.02 −=γ . The triatomic return has support  { }%395.8%,493.4%,328.0 321 ==−= xxx . 
Its span  %723.813 =− xx   is comparable to the observed span  %13.8%58.2%71.10 =− . 
The triatomic returns  1−kY   have the support  { } { }%395.8%,493.4%,25.4,, 321 =aaa   and 
the probabilities  { } { }34989.0,64011.0,01.0,, 321 =ppp . The cost of guarantee per unit of 
liability lies between  19  and  94  basic points below the prudent estimation of Section 4, and 
appears to us as a more “realistic” estimation. A dramatic improvement of the triatomic return 



 17

model is felt in ERC and RAROC calculations. At the confidence level  99.0=α   much less 
ERC is required. Our calculations are summarized in Table 5.1. 
 
Table 5.1 :  ERC  and  RAROC  of a guaranteed annuity-due 
 

T TL  

T

T

L
C⋅100

 
TL

CVaR⋅100
 [ ]TVµ  [ ]TVσ  [ ]TGICV  RAROC 

1 1.043 0.56 0.56 1.059 0.019 0.549 1.755 
2 2.129 0.85 0.69 2.179 0.043 0.737 2.167 
3 3.262 1.14 0.85 3.365 0.075 0.880 2.384 
4 4.443 1.44 1.00 4.621 0.114 1.001 2.554 
5 5.675 1.74 1.15 5.950 0.159 1.107 2.706 
6 6.958 2.05 1.30 7.357 0.213 1.203 2.827 
7 8.297 2.36 1.46 8.846 0.274 1.291 2.914 
8 9.692 2.68 1.63 10.423 0.343 1.373 2.977 
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